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Chapter 1

Introduction

1.1 General introduction

The main objective of this work is the study in Hilbert spaces setting of nonsmooth
Lyapunov functions and pairs associated to dynamical systems represented as first-

order differential inclusions of the following form
&(t;zo) € Flx(t; o)), t€[0,T), z(0;20) = xo, (1.1)

for appropriate initial conditions xy € H, and different types of multifunctions
F . H = H defined on a real Hilbert space H. Namely, we provide primal and
dual explicit criteria for a pair of given lower semi-continuous extended real-valued
functions VW : H — R U {+oc}, and a nonnegative real number a, to be an a-

Lypunov pair associated to differential inclusion (1.1); that is,

eV (x(t; o)) +/0 W ((7; m0))dT < V(20),

for all ¢ > 0 and all zy closed to points of definition of multifunction F. In this
way, our analysis allows the initial condition x( to be possibly a point where F' is
not well-defined. The inequality above may hold for at least one solution of (1.1),
in which case the pair (V, W) is referred to as a weak a-Lyapunov pair, or for
all solutions of (1.1), and in this case we say that (V,W) is a strong a-Lyapunov
pair. The objective of this thesis fits within the main spirit of Lyapunov’s non-
direct approach to the stability of differential equations, since that we provide
criteria for a-Lypunov pairs, which only depend on the involved data, represented

by F, and which do not require an apriori knowledge of the solutions. When
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1.1. General introduction

W = 0 and a = 0, one recovers the classical concept of Lyapunov functions
V:H — RU {400}, that satisfy

V(z(t;z0)) < V(xg) for all t > 0.

Lyapunov functions are fundamental for the study of different stability concepts of
dynamical systems, including Lyapunov stability, asymptotic stability, exponential
stability and so on. From the mechanical point of view, Lyapunov functions are
interpreted as energy-like functions whose decreasingness along trajectories of the
systems drives the system to its equilibrium state. They are also important for
control theory where they play a crucial role within the theory of Hamilton-Jacobi

equations.

The main novelty of this work resides in the consideration of nonsmooth data
functions, namely function V' which is allowed to be nondifferentiable, even may
having extended real-values. The nonsmoothness is handled by the use of general
subdifferentials and deep techniques from nonsmooth and variational analysis. We
also allow F' to be a very general multifunction, so that to include the cases of
maximal monotone operators, of Cusco (convex upper semi-continuous, nonempty

compact valued) mappings, or both.

We are also concerned with the investigation of explicit criteria of the so-called
invariant sets associated to differential inclusion (1.1); that is, sets S C H such
that

xg €S = x(t;xg) € § forallt > 0.

As for Lyapunov pairs, when the relation above is satisfied for all solutions, the set
S is said to be a strong invariant set, and a weak invariant or viable when such a
relation is satisfied for at least one solution of (1.1). Invariant sets and Lyapunov
pairs or functions associated to general differential inclusions/equations of the form
of (1.1) have been the subject of extensive research during the last decades; namely,
in relation with differential inclusions involving Cusco mappings in their right-hand
side (see, e.g., [11]), or (possibly unbounded) maximal monotone operators (see,
e.g., [11, 14, 21, 70]).

The problem of a-Lyapunov pairs will be investigated in different setting,
relying on the nature of the multifunction F' governing the dynamical system
in (1.1). Due to these various situations depending on the right-hand side F),
the scope of this work covers different topics of analysis and optimization theory,

including the theory of maximal monotone operators, differential inclusions and
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Chapter 1 : Introduction

equations, nonsmooth and variational analysis, and stability theory.

The need of more explicit conditions for a-Lyapunov pairs and invariant sets,
depending only on the data F' and the Lyapunov candidate functions and invariant
candidates sets, is important for many reasons. For example, inclusion (1.1) above
is sometimes evoked as a companion tool to analyze other differential inclusions,
in which case the operator F' may not be known explicitly, and the access to its
semi-group (in the case of maximal monotone operators) can be more complicate.
In [5] we investigated the existence of solutions to a differential inclusion governed
by the normal cone to a prox-regular set [73], by rewriting it in the form of (1.10)
with A being some intrinsic maximal monotone operator to this prox-regular set.
Such an operator A is not known explicitly but it processes enough information in
order to check the invariance of the involved prox-regular set with respect to (1.1).

This was sufficient to get the desired existence results; see Section 4.4 of Chapter
4.

Invariant sets are also referred to, in the wide literature, as viable sets [11-
13], and are of crucial use in many domains, as in economic, renewable resources,
biology, diseases propagation, control processes of species and so on. Lyapunov
pairs and functions are used extensively in dynamic systems and control theory,
among many other applications; see, e.g., [1, 22].

Characterizations of Lyapunov pairs for the system (1.1) have been studied
in the case of maximal monotone operators by Pazy [70], and next, extended to
single-valued Lipschitz perturbations of maximal monotone operators by Carja
and Montreanu [26], Kocan and Soravia [54, 55, Adly, Hantoute and Théra [7, 8],
among many other contributions. Pazy [70] proved some sufficient criterias for
Lyapunov pairs in the homogeneous case (f = 0), by taking into account that the
solution has the following explicit form:

z(t;z0) = lim (14 A, A) ™" () (1.2)

n—o0

whenever A\, k, — t as n — oo (see [37]). Observe that since the operator A is
maximal monotone, this expression makes sense, actually (I + \,A)~! is a well-
defined single-valued and Lipschitz mapping.

In the case of single-valued Lipschitz perturbations of maximal monotone
operators, Carja and Motreanu [26] proved a characterization of Lyapunov pairs
for (1.1) in the Banach spaces setting where A is a multi-valued m-accretive
operator. The characterizations of [26] rely on the flow invariance and the

contingent derivative associated to the operator A. Kocan and Soravia [54, 55]

Lyapunov stability 3



1.1. General introduction

provided another characterization using nonlinear unbounded Hamilton-Jacobi
partial equations, whose viscosity solutions turn to be Lyapunov functions. These
two approaches use the semigroup generated by the operator A. In Adly, Hantoute
and Théra [7, 8], the authors provided a characterization which does not involve
the semi-group generated by A. The case of Cusco mappings was treated for
example in [30-32], where the authors use Euler approximations to provide criteria
for strong and weak invariance in terms of the associated Hamiltonian. All these

results will be reviewed at the end of this chapter.

4 Lyapunov stability



Chapter 1 : Introduction

1.1.1 An overview of Lyapunov methods

This work goes in the spirit of the nondirect Lyapouv’s method to approach
stability problems of complex dynamical systems, whose solutions are not easily
accessible or that the associated calculation are expensive way. Roughly speaking,
in front of lack of explicit information on the solutions of (1.1), the original
Lyapunov’s idea to check wether a given dynamical system is stable, consists of
looking for an associated nonnegative real-valued function V, hopefully regular,
which is "strongly” continuous in the sense that z — 6 iff V' (z) — 0, and such for

each trajectory x(-; zg) of (1.1)
t — V(x(t;z0)) is non-increasing. (1.3)

The existence of such a function easily ensures the stability of the system at its
equilibrium point €; that is, for every € > 0, there exists 6 > 0 such that for every
y € B(0,d) and every solution x(-;y) of (1.1), we have that x(t;y) € B(0,¢) for
all t > 0. Since we do not dispose of explicit calculus of the solutions of (1.1), a
natural question is then to find accurate criteria depending only on V, and which
guarantee the validity of relation (1.3).

Suppose for instance that our setting is finite-dimensional, H = R", and that
(1.1) is a classical differential equation; that is, F' = f with f being continuous.
If V' is smooth, it can be easily verified that the following condition written by

means of the derivative of V, V', or equivalently, the gradient of V,
(V'(@), f(2)) = (VV(2), f(x)) <0, forall z € R”, (1.4)

leads to relation (1.3). Indeed, in this case, function x(-;xg) is C' and by the

classical chain rule we obtain that

d

5V (@(tiz0)) = (VV(2(t; 20)), fla(t;20))) <0,

which means that V(z(-;z¢)) is non-increasing.
By arguing similarly as above, the use of a-Lyapunov’s pairs instead of functions
allows analyzing other concepts of stability as asymptotic and exponential stability.
Now, to extend this analysis to differential inclusion (1.1) one has to handle

the following difficulties:

e The solution z(-;xy) of (1.1) may not be sufficiently smooth; for instance,

it is generally only continuous when F' = — A, with A a maximal monotone

Lyapunov stability 5



1.1. General introduction

operator, and xy in the closure of the domain of A. In this case, the solutions
of (1.1) are understood in the weak sense. Even under existence of strong
solutions that are absolutely continuous, all what can be expected is that

they are differentiable almost everywhere.

e The domain of F' does not need to be closed, nor the values of F' are
necessarily bounded or even nonempty. This makes the scope of the equation
above going beyond the differential inclusions treated in [8, 7, 13, 14, 16],
where the right-hand side is generally represented by a Cusco set-valued
mapping (in particular, with nonempty and weak*-compact multi-valued
operator). The monotonicity assumption of F' will compensate the lack of
compacity in our differential inclusion (1.1), while the maximality of this
operator guarantees, among other properties, the existence and the regularity
of solutions. These two facts are also essential when checking the invariance

of closed sets.

e The Lyapunov candidate functions are generally only lower semi-continuous,
while the solution z(-;xg) is only continuous, or at most absolutely
continuous. Thus, one need to use tools of nonsmooth analysis, like general
subdifferentials, calculus subdiferential rules, mean value theorems and so on,
in order to provide criteria written by means of first-order approximations

of the Lyapunov functions and invariant sets.

In this thesis, we follow the last ideas above and try to find characterizations
in the line of (1.4) when V' is only an extended-real-valued lower semi-continuous
function. The main tools that allow us to overcome the difficulties listed above

come from general subdifferentials theory and techniques of variational analysis.

1.1.2 Owur contributions

Our contributions are listed below:
A- Lyapunov stability of differential inclusions with Lipschitz
perturbations of maximal monotone operators

We study differential inclusion (1.1) when the right-hand side F' is given by
F=f—A,

with A : H = H being a maximal monotone operator defined on the real Hilbert
space H, and f : H — H a Lipschitz perturbation. Hence, the right-hand

6 Lyapunov stability



Chapter 1 : Introduction

side may be empty, non-compact or even unbounded, and possibly non upper-
semi-continuous. Also, the initial condition zy may be not in the domain of
definition of operator A, giving rise to more general concept of solutions called
weak solutions. This model includes and covers many typical partial differential
equations, as well as control problems dealing with differential equations of the
form @(t;z9) = f(x(t;x0)). A typical example of maximal monotone operators
is the Fenchel subdifferential mapping of lower semi-continuous convex proper
functions, namely, the normal cone to closed convex sets. However, it is known that
there are maximal monotone operators which are not necessarily of subdifferential’s
type. The problem of the existence of solutions was completely solved since the
sixties (see, e.g. [11, 14, 21, 70]) and many important results have been done,
regarding the regularity of solutions. We investigate in this thesis different primal
and dual criteria for closed invariant sets and lower semi-continuous (extended real-
valued) a-Lyapunov pairs with respect to differential inclusion (5.7), now written

(t;zo) € f(a(t;zo)) — A(z(t;x0)), t€[0,T), x(0;29) = 29 € domA.  (1.5)

We provide the following sharp criteria for the associated invariant closed sets
S C domA N S, using proximal normal cones: for every x € SNdomA there exists

a large enough m > 0 such that for all y € S closed to x it holds

su min 7 _ <o, L
feNgf(y) y*EA(y)ﬁB(e,m)<§ fy) =y (16)

where S, is some appropriate subset of .S, which reflects in some sense the farness
of the values of A from the origin #. This criterion leads to more explicit invariance
criteria in many natural situations. For instance, we have proved that when the
minimal norm mapping A° is locally bounded, each one of the following conditions
(4)-(ii)-(444), provides a characterization for a closed set S C domA to be invariant
for (1.5):

(¢) For every z € SN domA

where TZ(z) is the Bouligand tangent cone and I1 A(z) 18 the orthogonal projection
onto A(z); in particular, when A is a normal cone mapping, A = N¢ for some closed

convex set C' C H, this last relation is also equivalent to It (f(z)) € T§(x),

Lyapunov stability 7



1.1. General introduction

where T (z) is the tangent cone in the sense of convex analysis. These conditions

have a clear geometrical meaning (see the figure below)

NE(D) = {6}

"~ Ne(F)
#(t) € z(t) — Nppo(=(t)) ae. t 20

S is invariant set
(17) For every x € SN domA

£eNg(z)

where Ng stands for either the proximal normal cone N£ or the Fréchet normal cone
NE. It is worth observing that when S is a closed convex set, this last condition
reads f(x) — Hae)(f(z)) € (Ng(x))° = Tg(x), and one goes back to condition
(7) above. However, this argument cannot be extended outside convex sets since
that the relation (Ng(z))° = Tg(x) is not true in general for closed sets which are
not convex. This is to say that the last condition is meaningful and may have an
interpretation which differs from the one in (7); however, both are equivalent.
(7i1) For every z € SN domA

ceNate) w*eﬂlf)f—A(x)@’x ) =0
This condition is very practical since it only appeals to the values of the data,
which are the mapping f and the operator A, and thus no projection is needed.
The main feature of criteria (¢)-(i7)-(i7i) above is that they only involve the
position of the set S regarding the values of A and f, as the figure above shows.
The generality of our setting, dealing with general lower semi-continuous

extended-real-valued functions, allows us to make an exact correspondence between

8 Lyapunov stability



Chapter 1 : Introduction

a-Lyapunov pairs and invariant sets. For instance, it is not difficult to verify that
a lower semi-continuous function V' : H — R U {400} is Lyapunov for (1.5) if
and only if the epigraph of V' is invariant with respect to the following augmented

differential inclusion given in H x R,
(it 7o), alt: 00)) € (f(2(t: 7o) — A(a(t 20)), 0), ¢ € [0,T).

Hence, then invariance criterion above is naturally rewritten into a criterion for
a-Lyapunov pairs in the following form: a pair (V, W) of two proper lower semi-
continuous functions forms an a-Lyapunov pair for differential inclusion (1.5)
whenever for every z € domV NdomA there exists a large enough m > 0 such that

for all y closed to x we have that

sup inf & fly) —y*) +aV(z)+ W(z) <0,
£€dp(V+1a,,)(y) ¥ EAWYNB(O,m)

where the set A,, plays a similar role as the set S,, above. Similarly, when A is

locally bounded, we prove that (V, W) forms an a-Lyapunov pair with respect to

system (1.5) if and only if one of the following conditions is satisfied:
(¢') For any € domV N domA

sup (&, (f(2) — A(2))%) + oV (z) + W(z) <0,

£edV (x)

where O stands for either the proximal subdifferential Jp or the Fréchet
subdifferential OF.

(27") For any x € domV N domA

sup  inf (£, f(x) —2") +aV(x) + W(x) <O0.
£V (z) T EA(T)

(27i") For any x € domV N domA

veig(fw) V'(z; f(x) —v) +aV(x) + W(z) <O0.
Let us observe that, according to theses equivalences, when looking for complete
characterizations of Lyapunov pairs it doesn’t matter to consider either the
proximal or the Fréchet subdifferentials. However, when verifying the validity
of conditions (¢') or (ii), it is more natural in practice to check the inequalities in

(7) and (i3") only for the proximal subdifferential, which is in general smaller than

Lyapunov stability 9



1.1. General introduction

the Fréchet subdifferential. For instance, we know that for differentiable functions
in finite dimensions we always have that 0pV = V'V, while 0pV may be empty at
some differentiability points of V even for C! functions. We also observe that for

differentiable function V', each one of the relations above is equivalent to

ili‘f( )(VV(x), flz) = 2"y +aV(x) + W(z) <0.

r*cA(x

However, as we have just commented above, it is enough to verify this last
inequality only for points x where JpV(x) is not empty. It is then clear that
the main advantage in using the proximal mapping comes from being the smallest

one among well-known subdifferentials.

Condition (i7') is a kind of Hamilton-Jacobi inequality. Let us denote

h(lL‘7p) = inf <paf(x) - l'*>7

z*€A(x)

so that condition (7i') is written as

h(z,0V(z)) :== sup h(z,p) < —aV(zx)— W(x),
peAV ()

and V' is seen as a lower solution of the Hamilton-Jacobi inequality ([30])
h(z,0V (z)) < —aV(x) — W(x).

As with the invariance criteria above, only the data of system (1.5) are used.
When the minimal norm mapping A is not necessarily locally bounded, one needs

to consider in the criteria above the singular subddifferential of V, 0.,V (see [7, 8]).

The results above extend the ones in [7, 8] by removing the assumption of
the weak closedness of the candidate invariant sets. Only the data of the system
represented by A and f are appealed to within the presented criteria and, so, no
need to solve explicitly the differential inclusion (1.1). The invariant results of this
work are then rewritten as criteria for lower semi-continuous a-Lyapunov pairs
which are non-necessarily weakly lower semi-continuous functions. Because the
sets we consider are not necessarily convex or smooth, and the candidate Lyapunov
functions are not necessarily sufficiently regular, we use techniques from nonsmooth
analysis (e.g. [30, 64, 76]), including general subdifferentials. The main invariance
criterion is given by means of the normal cone to the nominal set. Other invariance

results are given by means of primal and dual conditions. These results are next

10 Lyapunov stability



Chapter 1 : Introduction

applied to obtain criteria for a-Lyapunov pairs associated to differential inclusion
(1.5), including primal conditions using the directional derivatives of the Lyapunov
candidate functions, and dual ones using general subdifferentials of such functions
like the Proximal, the Fréchet, the singular, and the limiting subdifferentials. The
result of this part are presented in Chapter 3.

B. Lyapunov stability of differential inclusions with prox-regular sets

We study the case when F' = f — N¢, so that differential inclusion (1.1) takes

the form
x(t; o) € fa(t;x0)) — No(z(t; z0)) ae.t >0, x(0;29) =z € C, (1.7)

where C' is a uniformly prox-regular set and f : H — H is a Lipschitz mapping.
Here, N refers to the proximal normal cone to the set C. In general, the set C
may depend on the time parameter, in which case the underlying system is refered
to as a sweepping process, a name coined in the sixties by Moreau who studied the
convex case (C(t) convex) and applied it in mathematical models of elastoplacity
mechanical problems. Differential inclusion (1.7) appears in the modeling of many
concrete problems in economics, unilateral mechanics, electrical engineering as
well as optimal control (see, eg., [1, 33, 62, 82] and references therein). The model
above is also used as a companion system for differential equations of the form
& = f(x), for which C' is not necessarily invariant. In this case, system (1.7) above
is a reasonable approximation of this differential equation, since the corresponding
solution naturally remains in the set C' ([35]). The family of uniformly prox-
regular sets contains and is larger than the family of convex set; for example, the
union of two disjoint convex sets is uniformly prox-regular, but obviously is not
necessarily convex. Also, the graph of C?-functions are prox-regular sets ([19]).
In the current thesis, we restrict ourselves to time-independent constraint sets,
in order to provide a new and natural approach to prove existence of solutions.
We also establish new criteria for the associated a-Lyapunov pairs. This model
inherits the main difficulties of differential inclusion (1.7), namely, the right-hand
side is naturally unbounded, and may even be empty (at points outside the set
(). As well, the multimapping —N¢ is not upper semi-continuous in general.
Existence of solutions of (1.7) are known to occur for general uniformly
prox-regular time-depending sets; indeed, in finite-dimension, (1.7) has solutions
without any regularity assumption on C' ([17, 18]). However, the methods used

in the literature for this prox-regular setting are very similar to the convex one,

Lyapunov stability 11



1.1. General introduction

originated by Moreau for convex sweeping processes. In our case, we shall follow
a different and direct approach, which could use the results already known in
the convex case. For this aim, we transform (1.7) into a differential inclusion of
the form (1.5), so that we can use and apply invariance and a-Lyapunov criteria
established for (1.5) to investigate the existence and properties of solutions, and to
give explicit criteria for the invariance and a-Lyapunov pairs associated to (1.7).
Then we prove in this case that a closed subset S of C' is invariant with respect to

system (1.7) if and only if one of the following conditions is satisfied:

(1) For every z € S
(f(z) = Ne(x))® € T (@).

(71) For every x € S
/(@) = No(@)] N TE(x) NBO, | f(x)]) # 0.
(7i1) For every x € S

inf ;™) < 0.
flf*G[f(ﬂf)—Nc(ﬂf)}ﬁB((%IIf(IL")H)<£ )

Similarly, we also have the following primal and dual characterizations for a-
Lyapunov pairs of proper lower semi-continuous functions real-extended-valued

functions V, W, associated to differential inclusion (1.7):

(7) For every € domV and & € 0V (z)
(€ (f(2) = Ne(@))%) + aV(z) + W(z) <0.
(17) For every x € domV and & € 9V (x)

e () — 2" +aV(x)+W(x) <0.
x*eNc(w>ﬂB<6,||f(x>H)<€ flw) =27 () ()

(7i1) For every x € domV

inf V'(z; f(x) — ") +aV(z) + W(z) <0.
z*ENe (z)NB(0, ]| ()I) (: £() ) (=) (=)
These results are next applied to study the stability and observers design of Lur’e
systems involving non-monotone set-valued nonlinearities.
C. Lyapunov stability of differential inclusions with Lipschitz Cusco

perturbations of maximal monotone operators

12 Lyapunov stability
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In this part, we study differential inclusion (1.1) when
F=f—-A,

with A : R" = R” being a maximal monotone operator defined on R"™, and
f:R™ = R™ is a Lipschitz multifunction. The study of the Lyapunov stability of
this problem by means of criteria in the form given in paragraphs above A and
B, has not been adressed before in the current generality. This is why we restrict
ourselves in this work to the finite-dimensional setting. Compared to paragraphs
A and B above, we face here the problem of having multiple solutions, and this
leads us to consider weak and strong invariant sets, as well as weak and strong

a-Lyapunov pairs for our differential inclusion (1.1), which takes the form
(t;zo) € fa(t;zo)) — A(z(t; x0)) ae. t >0, 2(0;29) = o € domA. (1.8)

In this case, we show that a set S C domA is strong invariant for this differential

inclusion if and only if one of the following conditions holds:

(¢) For every z € SN domA

v — @ (v) € T§(z) Vv € F(x).
(1) For every x € SN domA

[v— A(x)]NTE(z) #0 Vv € F(x).
(i73) For every x € S N domA

sup  sup (&, v — ey (v)) <O0.
£eNg(z) veEF(x)

(iv) For every x € S N domA

sup sup inf ({,v—2") <O0.
£eNg(z) veF(x) z*€A(z)
It is worth obersving that we do not assume here that the minimal section A° is
locally bounded. On the other hand, a closed S C domA such that A° is locally
bounded on S, is weak invariant for differential inclusion (1.8) if and only if one

of the following conditions holds:

(i) For every x € S, there exist v € F(x),z* € A(z) N B0, | F(z)| + m(z))

Lyapunov stability 13
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such that
v—a*e€TE(v).

(71) For every x € S

sup  inf inf (&v—21") <0.
€eNg(z) VEF(z) z*€A(x)NB(0,||F(2)||+m(z))

where m(z) := lim sup||A°(y)||.
y—x,yeS

Concerning Lyapunov pairs, we obtain that a pair (V, W) of two proper lower
semi-continuous extended-real-valued functions such that domV C domA, forms
a strong a-Lyapunov pair for differential inclusion (1.8) if and only if for every
x € domV

sup  sup infz* € A(x){{v—2")+aV(x)+W(z) <0
£€dpV(z) veF(z)
and

sup sup inf ({,v—2") <0.
£€0p ooV (x) veF(x) T EA(T)

In this case, we need to consider the singular proximal subdifferential of function
V, OpV. However, if A° is locally bounded on domV, then (V, W) forms a weak
a-Lyapunov pair for differential inclusion (1.8) if and only if one of following hold

(7) For any x € domV

su inf inf 0 —x") +aV(x)+ W(x) <0,
feaVI?x) vEF(z) m*EA(:v)ﬁB(G,m(x))<€ > ( ) ( )

where 0 stands for either 0p, OF, or Oy

(74) For any « € domV

inf inf V'(x;v —2*) + aV(x) + W(z) <0.
veEF (z) z*€A(z)NB(O,||F(z)||+m(x))

This result is also applied to systems involving uniformly prox-regular sets, given
in the form

z(t;x0) € f(a(t;z0)) — No(z(t; xo)) ae.t >0, 2(0;20) = 9 € C, (1.9)

with f being a Lipschitz Cusco multifunction. We show that for V,W : H — R as
above, such that domV C C| form a strong a-Lyapunov pair (a > 0) for differential

inclusion (1.9) if and only if one of the following conditions holds:
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(i) for every z € domV

sup  sup (&,v — lxg @ (v) +aV(z) + W(x) <O0.
£edV(z) veF(x)

(i7) for every x €domV

(&v—a"y+aV(x)+ W(x) <O0;

sup  sup inf
€€V (z) veF(z) z*ENc(@)NB(G,||IF(z)])

(17i) for every x edomV

sup V'(z;v — g (@) (v)) + aV(z) + W(z) < 0;
veF (z)

(iv) for every x edomV

sup inf V'(x;v—2*) +aV(x) + W(z) <0.
veF(z) **ENc(@)NB(0,]|F(x)])
D. Application to the geometry of maximal monotone operators:

In this part, we characterize the boundary of the values of maximal monotone
operators defined in Hilbert spaces, by means only of the values at nearby points,
which are closed enough to the reference point but distinct of it. This allows
to write the values of such operators using finite convex (2-)combinations of the
values at such nearby points. We also provide similar characterizations for the
normal cone to prox-regular sets.
For instance, given a maximal monotone operator A : H = H, defined on a Hilbert

space H, for every x € H we have
bd(A(z)) = Limsup,_, ,bd(A(y)) = Limsup,_,_,A(y),
and, consequently, for every x € domA such that bd(A(z)) # () we obtain

A(z) = Nai(doma) () + coz {Limsupy_>¢mA(y)} :

1.2 Previous results from the literature

First results dealing with Lyapunov pairs and functions associated to (1.5) have

been established by Pazy in [68, 70] in the case of homogeneous systems governed
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by maximal monotone operators; that is, F' = —A. The motivations of Pazy came
from the investigation of some regularity properties of partial differential equations.
Pazy’s criteria for Lyapunov (a = 0) pairs are given by means of directional-like
derivatives of the candidate functions, using the Moreau-Yoshida approximation
of operator A. Namely, (V, W) is a Lyapunov pair for (1.1) if the following relation

holds uniformly on bounded sets of domA,

lim sup
ALO A

where Jy := (I + AA)™! is the resolvent operator A.

Pazy’s results have been extended by Kocan and Soravia [54] (see, also, [26])

to the non-homogeneous case; that is, when (1.1) is written as
(t;zo) € fla(t;zo)) — A(z(t;x0)) t € [0,T), x(0;20) =20 € H, (1.10)

with f being a Lipschitz mapping. The approach of [26, 54] uses implicit criteria
depending heavily on the semi-group generated by the maximal monotone operator
A. For instance, Kocan and Soravia show that (V)W) is a Lyapunov pair for
differential inclusion (1.10) if and only if (V, W) is a solution in the viscosity sense

of the following differential inequality
(A(z), DV (x)) = {f(x), DV (x)) = W (x).

Recently, always dealing with Lipschitz perturbations of maximal monotone
operators, different criteria for weak lower semi-continuous a-Lyapunov pairs have
been investigated in [7, 8], using the condition that for any z in the domain of
V' (which is a subset of the closure of the domain of A, domA) and ¢ > 0 it holds

sup liminf inf (£+6(y — ), f(y) —y*) +aV(z) + W(z) <0,

¢eapVi(z) doma, y*€A(y)
£€0p 00V () ydgAx y*€A(y)
where Op and Op are the proximal and the proximal singular subdifferential

operators, respectively.

More early at the beginning of the twentieth century, in his the pioneering work
[47, 58], Lyapunov studied stability properties of linear systems that he extended to

nonlinear differential equations. These results are known as the first and the second
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methods of Lyapunov. Since then, this approach continues to be fundamental in
the study of dynamical systems from both the theoritecal and applicable points
of view. There are other famous results like the ones of Zubov and Krasovskii
on the stability of differential equations; i.e., F' = f, and which use Lyapunov
functions. Lyapunov himself also investigated instability of differential equations

(see [47, 56, 58, 60]).

We may distinguish in this study two main important types of differential
inclusion (1.1), the one involving maximal monotone operators, and the other one
governed by upper semi-continuous multifunctions F' with nonempty, bounded (or
compact), and closed values, which are refereed to as Cusco mappings. We shall
also consider in some cases, specially in finite-dimensions, coupled systems covering

both situations.

In the case of Cusco multifunctions F' defined on R", considered as the natural
extension of classical differential equations, under some standard linear growth
hypothesis, differential inclusion (5.7) has solutions (may be not unique) [11, 42].
In this case, (strong and weak) invariant sets and Lyapunov pairs associated to
(5.7) have been studied in Clarke et all [30] (and references therein), using Euler-
like approximations that in the finite-dimensional setting lead to the required
solution. It is worth observing that strong invariant sets and strong Lyapunov
pairs require in [30] Lipschitz assumptions on multifunction F. Donchev, Rios,
Wolenski [39] extended the strong invariant results to the class of one-side Lipschitz
time-dependent multifunctions, a family which is less restrictive than the class of
Lipschitz multifunctions.

Colombo, Palladino [33] provided similar results to [30] for classes of time-depend
multifunctions of the form F(t,z) = G(t,2) — Now)(x), where G is Lipschitz with
respect to the second variable z, and C(t) is a uniformly prox-regular set with
Lipschitz dependence on t. This class of problems is called Sweeping process. This
problem has been introduced and studied by Moreau [65]. More precisely, Moreau

studied the existence of solution of the differential inclusion which has the form
x(t) € —Nc(t)(x(t)) t >0, z(0) =1z € C(0), (1.11)

where C(t) is closed convex set in a Hilbert space. This problem has been developed

by Castaing and his collaborators to study the following differential inclusion

#(t) € =N (@(t) + F(t, () t >0, 2(0) = 2y € C(0), (1.12)
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where all the sets C(t) are either convex or complements of open convex sets (in
finite-dimensional settings). Differential inclusion (1.12) was studied by Mazade,
Thibault [62, 63] for the case when C(t) = C'is a uniformly prox-regular subset of
a Hilbert space, while in Adly, Haddad and Thibault [3], the authors consider the
case when C'(t) are closed convex sets. These last papers only studied the existence
of solutions, but recently, Mazade and Hantoute [61] have given characterizations
for Lyapunov pairs (V, W) (with V' being weak lower semi-continuous) with respect
to (1.12), for the cases F' = —N¢ + f, where C' is uniformly prox-regular subset of
a Hilbert space.
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Chapter 2
Notation and main concepts

Throughout the thesis, we frequently work in a real Hilbert space H which is
endowed with the inner product (-,-) and associated norm ||-||, and identified to

its dual space H'.

We use the notations —,— to the denote strong and weak convergence,
respectively, and write i, SCif the convergence is restricted to a set S C H. We
denote by B(z,r) the closed ball in H with center x and radius r, in particular,
we denote B = B(#, 1) and by B, the ball B(6, ).

Given a subset S of H, we denote by

S (orcl(S)), co(S), e(S), cone(S), int(S), bd(S),

the closure, the convex hull, the closed convex hull, the conic hull, the interior, and
the boundary of the set S, respectively. S° denotes the set of points of minimal
norm in S, i.e.,

Se:={xeS||z]|<|s|, forall se S}

Suppose that K is a convex, closed subset of H. We denote
(S—K)={(s—K)°| s€S}.
The dual cone set of S is the set
S*:={z" € H|(z",x) <0 forall z € S}.
The indicator function and the distance function are respectively given by

Is(z) :=0 if x € S; +oo otherwise, and dg(z) := inf{||z —y||| v € S}.
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The support function of a non-empty set S is given by
os(z) :=sup{(x,s) | s€ S}
For 6 > 0, we denote I3 the (orthogonal) 6-projection mapping onto S defined as
My(z) :={y € S ||z —y|* < d§(x) + 6°}.

When § = 0, we simply write I1¢(z) =: IIg(x). It is known that ITg is nonempty-
valued on a dense subset of H \ S (see [30]). We have the following theorem:

Theorem 2.1. [32, 7] Suppose that S is closed. Then, for any x € H and any
s € II%(z), with § > 0, there exist s; € S and y € H such that

y — ss € NE(s5),
ly — 85 — (v — s)||< 26, (2.1)
|s — s5|< 9, |lz—yl|< 0.

In addition, if x € B(xo,0) for some xg € S and o > 0, then ss satisfies
|55 — x0||>< 602 + 852 (2.2)

Proof. We can find the proof of the first part of the theorem in [32, 74]. We now
suppose that = € B(xg, o). One has

Iss — @olI* < 2|85 — z]|*+2(|x — 2o
< 4|55 — s||*+4|z — s/|*+20?
< 467 + A(di(x) + 0%) + 207
< 852 + 6% + 4|z — 20| +20?
< 852 + 602,

which completes the proof of the theorem. n

Finally, let a function ¢ : H — R := RU {+00} be given. The domain of ¢ is
domy :={x € H | p(x) < +o0},
and the epigraph of ¢ is

epip == {(z,a) € H xR | p(x) < a}.
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The function ¢ is proper if domep # ().
Definition 2.2. Let ¢ : H — R and let « € domg. The function ¢ is said to be

lower semi-continuous at z if

p(x) < liminf ¢(y).

Yy—x

We say that ¢ is lower semi-continuous on H when it is lower semi-continuous at
every point in H. We denote by F(H) the set of lower semi-continuous function
on H.

The function ¢ is lower semi-continuous iff epip is closed in H x R.

Example 2.3. The function Ig(+) is lower semi-continuous if and only if S is a

closed set.

2.1 Basic definitions and some properties of

nonsmooth analysis

In this section, we remind some basic concepts of nonsmooth analysis theory and
the theory of solutions of differential inclusions which play an important role in
our work.

First, let us remind some concepts and properties of convex analysis.

Definition 2.4. (i) A subset S is called convex if for any two points z,y € S
and any « € [0, 1], one has ax + (1 — a)y € S.

(ii) A function ¢ : H — R is called convex if for any z,y € domy and any
a € [0, 1], one has

plaz + (1 —a)y) < ap(x) + (1 — a)p(y)

(with 0.00 = 00).
Example 2.5. (i) The closed balls B(zo, ), > 0 are convex.
(ii) The function V(x) := ||z||” is convex whenever p > 1.

(iii) Suppose that ¢ € F(H). Then the conjugate function ¢* of ¢ which is
defined by

¢ (z) = 51615{@, y) — ()}
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1S convex.

We have
1 1

I =05, 05 =Tt (5llel?)" = glell
(iv) A subset S is convex if and only if the function Ig(-) is convex.
Next, we remind some basic concepts in nonsmooth analysis
Definition 2.6. Let ¢ € F(H) and let © € domy. The contingent directional

derivative of ¢ at * € domy in the direction v € H is

¢'(z;v) ;= liminf plottw) = cp(x) (2.3)

t—0t w—wv t

Definition 2.7. Let ¢ € F(H) and let € domep.

(i) A vector & € H is called a prozimal subgradient of p at x, written & € dpyp(x),
if there exist p > 0 and o > 0 such that

oly) > p(z) + (& y — ) — ol|lz — y||* Vy € B(z, p).

(ii) A vector £ € H is called a Fréchet subgradient of ¢ at z, written £ € Opp(x),
if the following inequality holds

o(y) > o(x)+ (& y—x)+o(|ly—z|) Vy € H.

(iii) A vector & € H is called a basic/limiting subgradient of ¢ at x, written
¢ € dpp(x), if there are sequences z; = z, (i.e.,x; — =, ¢(z;) — ¢(x)) and
& — & such that & € dpp(x;) for all i € N,

(iv) A vector & € H is called a singular subdifferential of ¢ at x, written £ €
Osop(), if there exist sequences (a;); C Ry and (x;);, (&); C H such that

10, z; 5 x, §r € Opp(ar), il —&.

(v) A vector £ € H is called a Clarke subdifferential of ¢ at x, written £ €
Jcp(x), if € belongs to the set

dop(x) :=c0(0Lp(x) + Dsop()).

In the case x ¢ domy, we put Opp(z) = dpp(x) = dpp(x) = dop(x) = 0.
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From the definitions above, it is clear that
Opp(x) C Opp(x) C Ipp(x) C dop(x) Vo € H, (2.4)
and for any x € domV, one has
Oopp() () < Oopp) (1) < @' (x;-).
When ¢ € F(H) and is convex, then for every x, one has
Opp(z) = Orp(z) = OLp(z) = Ocp(z) = Op(),
where Jgp(x) is Fenchel subdifferential of ¢ at x which is defined by
Op(x) :={£€ H| ¢(y) > p(z)+ ({y—a) Vy € H}.
In general, the subdifferential of ¢ at € domy may be empty. However, the set

dom(9pyp) of points where Opyp is nonempty dense in dom.

Theorem 2.8. [30] Let ¢ € F(H),xy € domy and let £ > 0 be given. Then there
exists a point y € B(xg, €) such that

Opp(y) # 0 and @(z0) — & < p(y) < (o).
In particular, dom dp¢p is dense in dom .
From this theorem and the inclusions in (2.4), the domains of all the
subdifferentials defined above are dense in dome.

Given a closed set S and x € S, we define the prorimal normal cone, Fréchet

normal cone, limiting normal cone, Clarke normal cone, respectively, by
NE(2) := 0plg(x), Ni(2) := Opls(x), N5(x) := Oplg(x), NS () := Ocls(z).
From inclusions in (2.4), we derive that (refer [64])
NE(z) € NE(x) € N&(z) c e@o(NL(z)) = NS () Vo € S. (2.5)

We have the relationships between subdifferentials and geometric characterizations
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of normal cones:

£ € nip(z) & (£,0) €NL L (2, 9);

epip
£ €Orp(x) & (6, -1) NI . (2,0(x)),

epi<p

(2.6)

7

where ” 77 stands for P, F, L, C respectively.

In the thesis, we also define the singular proximal subdifferential of p at x as

follows:
Opocp(x) == {E| (£,0) € NL i (z;0(2))}.

According to [64], if & € Opoop(x), then there exist sequences (z,) C
dome, (&), (a,) such that

Tn 52, &y € Opp(n), an L0, ané&, — € as n — oo.
Proposition 2.9. [30] Let ¢ € F(H) and let (z,«) € epip. We have that

NP

epip

(z,a) C NP (2, 0(z)). (2.7)

epip

Moreover, if a > (x) and (§,—r) € NI, (z, ),k > 0 then r = 0.

Proof. If a = ¢(z) then (2.7) holds. We now suppose that o > ¢(z) and (£, —k) €

P .
Nepip (7, ). There exist n > 0,6 > 0 such that

(& =), (y,8) — (z,0)) < 3(|ly — 2|*+(8 — a)*) ¥(y,B) € B((z,a),n) N epip.
(2.8)
Since a > @(z), then exists ' € (0,7) such that (z, 5) € epip whenever |f—a|< 7.

Hence, from the last inequality, we obtain that

—k(f—a)<(B—a)® VBE (a—1,a+1),

which implies that k = 0.
We now suppose that (y, 3) € B((z, ¢(z)),n) Nepip. Then it is clear that

(y, 8+ a—p(z)) € B((z,a),n) Nepip.

Hence, from inequality (2.8), one has

(6,0), (y7/8 +a— 90(1‘)) - (ZL’,O&»

((£,0), (y, B) = (2, (x))) =
< (lly — =[I*+(8 — o(x))*)
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which implies that (§,—k) € Ngw(x,ap), and we complete the proof of the

proposition. O
We will continue with the concept tangent cones
Definition 2.10. Let S C H and let z € S be given.
(i) The Bouligand tangent cone to S at x is defined by

TE(z) :={ve H| Jz; 3 2,3t | 0 such that i

— v asi— oo}

(ii) The Clarke tangent cone to S at x is defined by

TS (x) :={ve H|Va; 5 x,Vt; { 0,3v; — v such that x;+t;v; € S for all i € N},

From this definition, it is clear that T () is always closed, convex and
TS (2) € TE(z) Vo € S. (2.9)
Furthermore, we have
N§ () = (T§(2))", TS (z) = (N§(2))".
When S is convex, we have that

N§(z) = N§(z) = {2* | (#",y —x) <0 Vy € S}, T§(x) = T§(z) = R (S — ).
(2.10)

Next, we remind the definition of prox-regular sets and some of their properties.

Definition 2.11. [63, 73] For positive numbers r and «, a closed set S is said
to be (r, a)-prox-regular at T € S provided that one has z = Ilg(x + v), for all
r € SNB(Z,a) and all v € NE(z) such that |jv]| < 7.

The set S is r-prox-regular (resp., prox-regular) at T when it is (r, «)-prox-regular
at, T for some real o > 0 (resp., for some numbers r, @ > 0). The set S is said to

be r-uniformly prox-regular when o = +o00.

From the definition above, it is clear that if S is r-uniformly prox-regular then

S is also r’-uniformly prox-regular for every r’ < r.

Example 2.12. (i) Any closed convex set of H is r-uniformly prox-regular for

any r > 0.
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(ii) The unit sphere S of H is not convex, but it is r-uniformly prox-regular for

any r < 1.

When S is r-uniformly prox-regular, then all of normal cones that mention

above coincide, i.e.,
N%(z) = Ni(2) = Ni(z) = N§(a) Va € S

and
TE(2) = TS (2) Vo € S;

indeed, we have that

Tg(x) € (N5(x))" = (N§(2))" = T§(2) € Tg(x).

Hence, we denote Tg(x) for these tangent cones. According to Poliquin,
Rockafellar and Thibault [73], we have the following property of r-uniformly prox-

regular sets:

Proposition 2.13. Let S be a closed subset of H. If S is r-uniformly proz-reqular,
then the set-valued mapping defined by x — NE(z) NB is %—hypomonotone, i.€.,
for any z,y € C,z* € NE(z) NB,y* € NL(y) N B, one has

* * 1
(" —y +;(x—y),x—y>20-

Lemma 2.14. Let C be a r-uniformly-prox-reqular set of R™ and let k > 0.
Suppose that Ac is any maximal monotone extension of the mapping © +—>
Ne(x) NB(0, k) + Zx, then for every x € C, one has

Ne(z) N B0, k) + gx C Ac(z) C Ne(z) + gx (2.11)
and for any v such that ||v|| < k&,
K
(v — Nc(x))o = (U + ;iL‘ — Ac(aj))o. (2.12)

Proof. We refer [5] for the first part of the lemma. We now justify the second part
of the lemma. By the first part of the lemma, we have that

v—Ne(x)NB(0,k) Cv+ g:v — Ac(z) Cv— Ne(x).

Since ||v|| < &, it is clear that (v — Ne(x) N B(6, k))° = (v — Ne(x))°. Hence, one
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has
(v—=Ne(z)NB(6,K))° = (v+ gm — Ac(x)) = (v —Ne(z))°.

2.2 Maximal monotone operators

In this section, we remind the concept of maximal monotone operators.
Let A: H = H be a multivalued operator. We define the domain and the graph

of operator A, respectively, as
domA :={x € H| A(z) # 0}, Gr(A) :={(z,2*) € Hx H | z* € A(z)}.

To simplify, we identify A to its graph.
The inverse operator A=' : H = H of A defined by

A7 y) ={z e H|y € Alx)}.

Definition 2.15. Let A: H = H be a operator.

(i) The operator A is called monotone if for any two points (x,z*), (y,y*) € A,
one has
(" —y", o —y) > 0.

(ii) The operator A is called maximal monotone if A is monotone and there exists

no monotone operator that contains it strictly.

Example 2.16. Let ¢ € F(H) be a convex function. Then the subdifferential dy
is maximal monotone. In particular, the normal cone Ng(-) is maximal monotone

whenever S is a closed convex set.

Proposition 2.17. [16] Let A : H == H be a mazimal monotone operator. The

following assertions hold:

(i) domA is conver.

(i) A(z) is closed and convex for every x € H and

A(ZC) = A(l’) + Nm(l’) (213)

(111) Suppose that x} € A(x,) for alln € N and x,, — z,z;, — z* as n — oo,
then x € domA and x* € A(z).
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Definition 2.18. Let A : H = H be a maximal monotone and let S be a subset
of H.

(i) A is called locally bounded at z if there exist r,m > 0 such that

ly*[|I<m Yy € A(y), Vy € B(x,r).

(ii) A is called locally bounded at x respect to S if there exist r,m > 0 such that

ly*[|[<m Vy* € A(y), Vy € B(x,7) NdomAN S.

From (2.13), we obtain the following proposition

Proposition 2.19. [71, 72] Let A: H =% H be a mazimal monotone operator. A
is locally bounded at x if and only if z € int(domA).

We now remind Minty’s Theorem

Theorem 2.20. Let A : H = H be monotone. Then A is a mazximal monotone

operator if and only if
rank(I+ A) = H.

Let A be a maximal monotone and let A > 0. We define the resolvent and the
Yoshida approzimation of A, respectively, by
I1—J,

Jyi= [+ M) Ay = T (2.14)

According to Bauschke and Combettes [16], Brézis [21], Phelps [71, 72], etc, for any
A >0, J, and A, are singular and maximal monotone with dom.JJy = domA, = H.

Moreover, Jy is 1—Lipschitz, Ay is §—Lipschitz and
Ax(z) € A(Jx(x)) Vo € H.

Theorem 2.21. [16, 21, 71, 72] Let A : H = H be a mazimal monotone operator.

The following assertions hold:

(i) For every x € H, one has
Ia(x) = Hggma(x) as A ) 0.

In particular, for any x € domA, then Jy(z) — x as A ] 0.
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(it) For any A, > 0, one has (Ax), = Axtp-
(111) For every x € domA, then ||Ax(z)||— ||A°(x)| and Ax(x) — A°(z) as A 0.
More generally, we have that

1Ax(2) — A°(@)|I” < [|A°(@)|]° — (| Ax ()],

where A°(x) = I aw (0).

() If v ¢ domA then ||A\(z)||T +o00 as A | 0.

2.3 Differential inclusions with maximal

monotone perturbations

In this section, we provide some basic knowledges of the following differential

inclusion
i(t) € f(x(t) — A(z(t) t >0, (2.15)
2(0) = x¢ € domA,

where f : H — H is an [-Lipschitz mapping and A : H == H is a maximal

monotone operator. We refer to [11, 12, 21] for all of results of this section.

Definition 2.22. A function x : [a,b] — H is said to be absolutely continuous if

it can be expressed in the form

x(t) = z(a) +/0 v(T)dr Yt € [a,b],

for some integrable function v. In this case, we have
z(t) = v(t) a.e. t € [a,b].

Theorem 2.23. [14, 21] We consider the differential inclusion (2.15). For any
xo € domA, there ezists a unique function x : [0,00) — H such that
(1) (0) = xp,2(t) € domA Vt >0,

dre(t)

(ii) x(-) is differentiable almost everywhere and the right derivative —

1}1&1 w exists and
dta(t)
o = S @) = Maee (f(x(t)) vt =0
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dtax(t)
dt

Furthermore, the function t —

In particular, we have d+§t(0) = (f(xo) — A(xp))°.

15 Tight continuous and satisfies

dtx(t)
dt

H < )| (f(x0) — Alwo))?]| ¥t > 0.

(iv) Suppose that yo € domA and y(-) also satisfies (i), (i1), (i1i) with respect to

the initial value yy. Then we have that

lz(t) = y(OII< " llwo = yoll vt > 0. (2.16)

Definition 2.24. We consider differential inclusion (2.15) on [0, T7.

(i) A strong solution of (2.15) is a continuous function z(-;xz¢) : [0,7] — H,
absolutely continuous on every interval [a,b] C (0,7, and for a.e. ¢t € [0,T7,

one has

i (t;xo) € f(x(t;mo)) — Az (t;20)).

(ii) A weak solution of (2.15) is a continuous function z(+; x¢) : [0,7] — H which
is the limit of any sequence of solutions (z(-; x,,))nen+, where x,, € domA and

T, — Tog as N — OQ.

Any strong solution of (2.15) is a weak solution. The following theorem follows
directly from Theorem 2.23 and Definition 2.24.

Theorem 2.25. [14, 21] We consider differential inclusion (2.15) on [0,T]. The

following assertions hold:
(1) If zo € domA, then system (2.15) has a unique strong solution.

(i1) For any xo € domA, system (2.15) always has a unique weak solution x(-; xo)

which satisfies

x(t;x(s;20)) = x(t + s;x0) VE>0,Vs > 0.

(111) Suppose that x(-;xo) and x(-;yo) are two weak solutions of (2.15) with respect

to the two initial values xq,yo € domA, we have inequality

|2(t; 20) — (t; yo) | < €"[|wo — wol| ¥t > 0.
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For each A > 0, A, is a Lipschitz mapping. Hence, the following differential

inclusion

z(t) = f(x(t)) — Ax(x(t)) ae. t >0,
z(0) =z9€ H

always has a unique strong solution. The proposition below proves that the

solution of (2.15) is the limit of the solutions of the differential equations above.

Proposition 2.26. For any o € domA and T > 0, differential inclusion (2.15)
has a unique continuous solution, which is the uniform limit on [0,T] of x(+; xo)

(as A 1 0), where x5(-;xq) is the solution of the following differential equation
(t) = f(z(t)) — Ax(z(t)) a.e. t € [0,T], z(0) = zy.

Proof. We can refer to Brézis [21] and Barbu [14] for the case zp € domA. Now
we consider the case rg ¢ domA. Let us fix € > 0 and any sequence A | 0 and any
z € domA such that ||z — z¢[|< e Te. According to Theorem 2.23 then

max{||xx(t; o) — zA(t; 2) ], |x(t; 20) — (85 2) ||} < elt||m0 —z||<e Vte0,T).

Since the proposition holds whenever the initial-value belongs to domA, there

exists A\g > 0 such that for every A < \g, one has
|x(t; 2) — zA(t; 2)||< e WVt €[0,T].
Combining the above results, we obtain that for any A < Ay, one has
|x(t; x0) — xA(t; 20)|| < 3 VE € [0,T],

we complete the proof of the proposition. m

Example 2.27. (i) If int(domA) # (), then every weak solution of differential
inclusion (2.15) is a strong solution. In particular, the conclusion still hold
when dimH < +oo.

(ii) The weak solution of the following differential inclusion

&(t) € —0p(x(t)) ae. t >0,

z(0) = o € domy,

where ¢ € F(H) and is convex, is a strong solution (see [11, 21]).
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Let A : R" = R" be a maximal monotone operator, g € L'(0,T;R"™) (space
of integrable functions from [0, 7] to R™), and consider the following differential

inclusion

() € g(t) — A(z(t)) ae. t € [0,T],

(2.17)
z(0) = xy € domA.

Because of the finite-dimension, we can suppose that int(domA) # () (see [21]).
Hence, the differential inclusion above always has a unique continuous solution
satisfying (2.17). The following theorem provides the exact valued of the right-
derivative of the solution ( Brézis [21] and Barbu [14]).

Theorem 2.28. Differential inclusion (2.17) has a unique solution denoted by

x(+;xg). Moreover, we have that

&(t;20) = g(t) — Ma@ey)(9(t) a.e t€[0,T].
Finally, to end this section, let us remind one version of Gronwall’s Lemma.

Lemma 2.29. ( Gronwall’s Lemma, [2]) Let T > 0 and a,b € L(tg,to + T;R)
such that b(t) > 0 a.e. t € [to,to + T). If an absolutely continuous function w :
[to, to + T] — Ry satisfies, for 0 < a < 1,

(1 —a)w'(t) < a(®)w(t) + b(t)w(t) a.e. t € [to, to + T1,
then

t t t
W () < Wl (tg)edo U 4 / els “DAp(s)ds Vit € [to, to + T).
to
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Chapter 3

Invariant sets and Lyapunov pairs
for differential inclusions with

maximal monotone operators

We give different conditions for the invariance of closed sets with respect to
differential inclusions governed by a maximal monotone operator defined on Hilbert
spaces, which is subject to a Lipschitz continuous perturbation depending on
the state. These sets are not necessarily weakly closed as in [7, 8], while the
invariance criteria are still written by using only the data of the system. So,
no need to the explicit knowledge of neither the solution of this differential
inclusion, nor the semi-group generated by the maximal monotone operator. These
invariant /viability results are next applied to derive explicit criteria for a-Lyapunov
pairs of lower semi-continuous (not necessarily weakly lower semi-continuous)
functions associated to these differential inclusions. The lack of differentiability
of the candidate Lyapunov functions and the consideration of general invariant
sets (possibly not convex or smooth) are carried out by using techniques from

nonsmooth analysis.

3.1 Introduction

We provide sufficient and, in many different interesting situations, necessary
criteria for the invariance property of closed subsets with respect to the following

differential inclusion, given in a Hilbert space H,
x(t) € f(x(t)) — A(z(t)), =(0) =z € domA, ae. t>0 (3.1)
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where A is a maximal monotone operator which is subject to a Lipschitzian
perturbation f. Equivalently, we establish many primal and dual explicit criteria
for a-Lyapunov pairs and functions associated to the differential inclusion above.
The current work extends and improves some of the results given in [7, 8] on weakly
closed invariant sets and weakly lower semi-continuous a-Lyapunov pairs.

The domain of A does not need to be closed, nor the values of A are supposed
to be bounded or even nonempty. Thus, the scope of the equation above goes
beyond the differential inclusions treated in [11, 12, 30, 31, 43], where the right-
hand side is generally represented by a cusco set-valued mapping (in particular,
with nonempty and weak*-compact multi-valued operator). It is the monotonicity
of A which compensates the lack of compacity in our differential inclusion, while
the maximality of this operator guaranties, among other properties, the existence
and the regularity of solutions. These two facts are also essential when checking
the invariance of closed sets.

In front of the lack to a direct access to the explicit calculus of either the
solution of the inclusion above or to the semi-group generated by A, the current
work aims at finding weaker conditions for the invariance of closed sets, which
only appeal to the fresh input data, namely the maximal monotone operator and
the Lipschitz mapping. These conditions are applicable to a large variety of closed
sets which do not need to be convex or smooth. Our approach fits the general
scope and the main ideas behind Lyapunov’s stability, which consists of looking
for an adjacent function to the system described by the inclusion above; namely,
an energy-like function which decreases along the trajectories and, so, under some
extra usual conditions, forces the system to converge towards its equilibrium state
and to remain there. Since our analysis allows to deal with extended-real valued
functions, the invariance of a set occurs as long as the associated indicator function
is a Lyapunov’s function. However, our approach is more geometric since we
first establish criteria for the invariance property and next deduce the adequate

conditions for Lyapunov pairs and functions.

Invariant sets associated to general differential inclusions/equations have been
the subject of extensive research during the last decades; namely, in relation with
differential inclusions involving cusco mappings in their right-hand side (see, e.g.,
[11]). First results dealing with Lyapunov pairs and functions associated to the
differential inclusions above have been first established in [69, 70] in the case of
homogeneous systems; that is, f = 0. Pazy’s criteria for a-Lyapunov pairs are given

by means of directional-like derivative using the Moreau-Yoshida approximation
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of the operator A. This result has been extended to the general inclusion above
in [26, 54], with the use of implicit criteria depending heavily on the semi-group
generated by the maximal monotone operator A. Recently, different criteria for
weakly lower semi-continuous a-Lyapunov pairs have been investigated in [7, 8].
The need of more explicit conditions, not depending on the semi-group
generated by A, is of utmost importance for many reasons, one of which is that
the inclusion above is sometimes evoked as a companion tool to analyze other
differential inclusions. In that case, the operator A may not be known explicitly,
and this facts makes the access to its semi-group more complicated. For instance,
in our work [5] we have investigated the existence of solutions to a differential
inclusion governed by the normal cone to a prox-regular set ([73]), by rewriting it
in the form of (3.1) with A being some intrinsic maximal monotone operator to
this prox-regular set. Such an operator A is not known explicitly but it processes
enough information in order to check the invariance of the involved prox-regular
set with respect to (3.1). This was sufficient to get the desired existence results;

for more details, we refer the reader to [5].

Invariant sets are also referred to in the wide literature as viable sets [11-
13], and are of crucial use in many domains, as in economic, renewable resources,
biology, diseases propagation, control processes of species and so on. It is manifest,
in recent papers [85], that the investigation of certain algebraic varieties is sufficient
to characterize invariant sets forced by symmetries. Lyapunov pairs and functions
are used extensively in dynamic systems and control theory, among many other

applications; see, e.g., [1, 22].

In this work, we provide different criteria to characterize those sets which are
invariant with respect to the differential inclusion (3.1). Only the data, A and f,
will be appealed to and no need to solve explicitly the equation. These invariant
results are then rewritten as criteria for a-Lyapunov pairs, which are crucial for
Lyapunov stability of (3.1). Because the sets we consider are not necessary convex
or smooth, and the candidate Lyapunov functions are not necessarily sufficiently
regular, we use techniques of nonsmooth analysis (e.g.. [30, 64, 76]).

The organization of the paper is as follows. After an introductory section to
present the main notations and tools which are used through this work, we give in
Section 3.3 the main invariance criterion in Theorem 3.6, using the normal cone
to the nominal set. Other corollaries follow in order to simplify this invariance

criterion and provide equivalent primal and dual conditions. In Section 3.4, we
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apply the previous invariance result to investigate a-Lyapunov pairs associated to

differential inclusion (3.1).

3.2 Notation and preliminary results

Let (H,{-,-),|||l) be a Hilbert space, with origin #. Given a set S C H, by S and

S* we denote the closure of S and the polar of S, respectively, where
S*:={x" e H| (z",z) <0, forall z € S}.
The indicator and the distance functions are respectively given by
Is(z) :==0 if x € S; 400 otherwise, and dg(x) :=inf{||z —y||: y € S}

(in the sequel we shall adopt the convention infy = +o00). For 6 > 0, we denote

114 the (orthogonal) 6-projection mapping onto S defined as
M§(z) :={y€S: [lz—yl|* < di(x) + 8}

for § = 0, we simply write Ilg(x) := II%(x). It is known that Ilg is nonempty-
valued on a dense subset of H \ S ([30]). For an extended-real valued function
¢ : H = R := (—o0,+oc], we denote domyp := {z € H | o(z) < +oo} and
epip := {(z,a) € H x R| ¢(z) < a}. Function ¢ is lower semi-continuous if epigp
is closed. The contingent directional derivative of ¢ at x € domy in the direction
ve His

¢'(z;v) := liminf Pz +tw) — SO(I)

t—0+ ,w—w t

A vector £ € H is called a proximal subgradient of ¢ at © € H, written £ € Opp(z),
if there are p > 0 and o > 0 such that

oly) > (@) + &y —x) —olly — z|?, Vy € By(x),

where B, (z) ( =: B(z, p)) is the closed ball centered at z € H of radius p > 0. The
vector £ is called a Fréchet subgradient of ¢ at x, written £ € dpp(x), if

w(y) = o) + &y —x) +ollly — xll) Vy € H;
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and a basic (or Limiting) subgradient of ¢ at x, written £ € Opp(z), if there exist
sequences (zx)r and (&) such that

Ty 5 x, & € Opp(xr) & — €,

where — refers to the weak convergence in H, and x; # r means that 7, — =

together with ¢(xy) — p(z).
If x ¢ domgp, we write Opp(x) = Irp(x) = drp(z) = 0. If S is a closed set

and s € S, we define the prozimal normal cone to S at s as N§(s) = dpls(s), the
Fréchet normal cone to S at s as N§ (s) = dpls(s), the limiting normal cone to S at
s as N&(s) = 0r1s5(s), and the Clarke normal cone to S at s as N§(s) = co(N4(s)).
Equivalently, we have that NE(s) = cone(Ilg'(s) — s), where IIg'(s) := {z € H |
s € llg(x)}. The Bouligand tangent cone to S at z is defined as

Ti(z):={veH |Ta €8Ity =0, st. t; ' (zx —z) > vask - +oo}.

We also define the Clarke subgradients of ¢ at x as the vectors & € H such that
(& —1) € NS (z,¢(x)), and denote dop(x) the Clarke subdifferential of ¢ at
z. The singular subdifferential of ¢ at z, written O,p(x), is the set of vectors
¢ € H for which there are sequences z, = z, & € Opp(x) and A\, — 01 such
that A\p&, — & equivalently, £ € dop(z) iff (£,0) € NL (z,0(x)) (see [64,
Theorem 2.38]). It is known that every ¢ € H such that (£,0) € NI, (z,p(x))

epip
belongs to J..(z) and, moreover, there exist sequences as in the definition before

but with A&, — € instead of M\g&p — € (see [64, Lemma 2.37]). Observe that
Opp(x) C Irp(x) C dre(x) C dop(x). For all these concepts and properties we
refer to [64, 76].

We shall use the following version of Gronwall’s Lemma:

Lemma 3.1. (Gronwall’s Lemma [2]) Let T > 0 and a,b € L'(to,ty + T;R)
such that b(t) > 0 a.e. t € [to,to + T|. If an absolutely continuous function w :
[to,to + T] — R satisfies, for 0 < a < 1,

(1 —a)w'(t) < a(®)w(t) + b(t)w(t) a.e. t € [to,to+ T,
then

t t t
w'(t) < wl_a(to)effo alr)dr +/ els A8\ ds, Vit € [to, to + T).

to
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Next, we review some facts about monotone and maximal monotone operators.
Given a set-valued operator A : H = H, which we identify with its graph, we
denote its domain by domA := {z € H | A(z) # (0}. Operator A is monotone if

(1 — 29, y1 —y2) >0 forall (x1,y1), (22,12) € A.

We say that A is mazimal monotone if A is monotone and coincides with every
monotone operator containing its graph. In such a case, it is known that A(x) is
convex and closed for every x € H; moreover, for every A > 0 there exists a unique

vector Jy(z) € (id + AA)~!(z), which is the resolvent of the (maximal monotone)

operator A, while A,(z) := % is the Moreau-Yoshida approrimation of A. If
S C H is a closed convex set, we denote S° := {y € S||y| = m1g||z||}, in
zZe

particular, we write A°(z) := (A(z))°, = € domA.
Associated with a maximal monotone operator A : H = H we consider the

differential inclusion given in (3.1) :
x(t) € f(x(t)) — A(x(t)), a.e.t>0, x(0) =z € domA,

where f: H — H is a given (I-)Lipschitz continuous mapping. Every solution of
differential inclusion (3.1) will be denoted by x(-; zo).

We introduce the concept of invariant sets (see, e.g., [11, 30, 32]):

Definition 3.2. A set S C domA is said to be invariant for (3.1) provided that
x(t;xg) € S for every zg € S and every ¢t > 0.

We also recall the following result on the existence of solutions of (3.1); for

more details, we refer to [21].

Proposition 3.3. For any zo € domA and T > 0, system (3.1) has a unique
continuous solution, which is the uniform limit on [0,T] of z\(-;x0) (as A | 0),

where xx(+;z9) is the solution of the differential equation

EA(t) = f(za(t)) — Ax(za(t)), 22(0) = .

Moreover, the following holds:
(i) For all s,t > 0 and all yy € domA we have that

z(s;x(t; o)) = x(t + s520), |l2(t;2z0) — x(t;y0) || < € [lzo — ol -
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(ii) If z(to, o) € domA for some ty > 0, then

d*x(te; xo)

g = (altia) - Alelto o))"

. dtaz(t;zo)
(iii) The function t — ===

is such that x(to; zo) € domA, and we have

15 right-continuous at every t > to, where ty > 0

d+x(t0; Z’Q)

< el(t—to)
dt

dtx(t; zo)
dt

3.3 Invariant sets

In this section, we achieve our first goal to characterize those closed sets in the

Hilbert space H, which are invariant with respect to differential inclusion (3.1):
#(t) € F(a(t) — Ax(t), t€ [0,00), 2(0) = zo € dom A,
the unique solution of this inclusion is written z(-; x).

It is worth observing that whenever differential inclusion (3.1) possesses a
strong solution starting from S (zo € S), which is an absolutely continuous
function such that z(t;z9) € domA for all ¢ > 0, each invariant closed set
S C domA satisfies the condition

S =domAnNS. (3.2)

However, this condition may not be true when only weak solutions exist. This is
why we shall assume in what follows that our invariance candidate sets satisfy this

“almost necessary” condition.

Remark 3.4. Theorem 3.6 below gives the main invariance criterion, given in
(3.3), for closed sets with respect to differential inclusion (3.1), using only the
data in (3.1) which are the operator A and the mapping f. Hence, explicit
calculus of either the solution or the semigroup generated by A are not required.
Criterion (3.3) extends and adapts some of the results given in [7, 8] on weakly
closed invariant sets. Its geometric meaning is very similar to the classical ones

established in [30, 31] for differential inclusions of the form

#(t) € F(x(t)),
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with a w* -compact, nonempty and convex multifunction F' . In our case, condition
(3.3) takes into account that the right-hand side in (3.1) , which is governed by
a general maximal monotone operator, may have empty or unbounded values.
As well, another crucial difference between (3.1) and the last inclusion above
is that our analysis also allows the initial condition in (3.1) to start from the
larger set domA. Thus, the scope of our analysis goes beyond the differential
inclusions treated in [11, 12, 30, 31, 43|. First invariance criteria for differential
inclusions involving maximal monotone operators have been given in [70] (see, also,
[21]) without considering the Lipschitzian perturbation. Such results have been
extended in [26, 54] to maximal monotone operators which are subject to Lipschitz
perturbations, using criteria which depend on the semi-group of contractions
generated by —A. Compared to [26, 54] (see, also, references therein), condition

(3.3) relies exclusively on the geometry of C' as in [30, 31].

Before we state the main theorem of this section, Theorem 3.6 below, we give

the following lemma.

Lemma 3.5. Given a closed set S C H and an m > 0, we denote
Smi={z e SndomA | [|(f(x) — A(x))°|| < m}.

Then the set S, is closed.

Proof. Take a sequence (xy)r C S, such that xp; — = (€ 5). Without loss of
generality, and taking into account the norm-weak upper semi-continuity of the
maximal monotone operator A, we conclude that the sequence (Il4(,)(f(2k)))r

weakly converges to some z € A(z). Then

[(f(z) = A)°] < [[f(z) -z
< liminf,_, Hf(xk) - HA(mk)(f<Ik))H
= liminfy oo || (f (2k) — A(zx))°[] < m,
so that = € 5,,. O

Theorem 3.6. Given a closed set S C domA NS, we assume that for every x €
SNdomA there exist m,r > 0 such that |[ILa)(f(2))|| < m and

sup min €& fly) —y*) <0 forally e B(x,r). (3.3)

Then S is invariant for (3.1).
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Proof. We fix xg € S NdomA and € > 0. Let m,r > 0 be as in the current

assumption (with x = zy), and choose an M > 0 such that
fly) —A(y)NnB(#,m) C B(§, M) forally € K := 5, N B(xg, 7). (3.4)

We also choose sufficiently small numbers ¢, > 0 and a sufficiently large integer

N such that

) _
t
6M22,80%) < = 5 < — 3.5
(M? +4M + 1)1 M?*t? ) g2
max{ i N2 + 267 p < R (3.6)
We denote by 7 := {to,t1,...,tx} the uniform partition of the interval [0,¢]. We
put d(7) = max (11 —t;) = & and, by (3.4), we choose an element s} €

0<i<N—1
f(zo) — A(xg) such that ||s§|| < M. We consider the the function zy(t), t € [to, t1]

such that
{ Zo(t) = SS, tE [to,tl],

20(0) = T,

and denote z; := xg + sit;. We pick 8; € I1%(21). Then there exists a pair (yi,s1)
such that s; € K, y; — 51 € N&(s1) and (see, e.g., [32, 74])

max{[lyr =z, |s1 = $1[[} <6, [[(y1 — s1) — (21 = 81)[| < 24,
as well as (see [5, Lemma 4], also Theorem 2.1)
|51 — 20||* < 6]|21 — 20]|* + 862 = 6t2||s3]|> + 862 < 612M? + 852 < r?;

hence, s; € int(B(zo, 7)) and, so, Ni(s1) = N (s;1). Consequently, by the current
assumption of the theorem, we find s} € (f(s1) — A(s1)) N B(#, M) such that

(y1 — s1,87) < 0.

With this vector s} in hand, we consider the function z1(t), t € [t1, t5], such that

{ L) = s, t € [t to]

21 (tl) = Z1.

By repeating the arguments used above, for each ¢+ € 2, N — 1, we consider the
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function z;(t), t € [t;, t;41], such that

zi(ti) = zi—a(t;) =: 2,

{amzﬁ»emmm

and the corresponding elements (3;, v, s;,s7) such that 8; € TI%(2), ;i — s; €
Nk (s:) = N§ (i), st € [f(si) — A(s:)] N B0, M),

<y2 - S’ias;(> S 07

max{|ly; — zill , [|si — 8il|} <6, |[(yi — si) — (2 — 8:)]| < 26.

Now, we are going to prove that the absolute continuous trajectory z(-), defined
on [0,1] as z(t) := z;(t) = z; + (t — t;)sF for t € [t;, t;41], satisfies

ds(2(t)) < e, vt € 0,1, (3.7)

||Si — Z(t)” < 2e¢, vVt € [ti,tz‘+1]. (38)

Indeed, for any 1 < i < N — 1, one has

die(zip1) < N2y = 8ill* = llzipn — 20”4 2 = &ill° + 2(zi01 — 20, 2 — 84)
= [|(tix1 — )} 11 + dic(2:) + 0% + 2d(7) (s}, 2 — &)
< MPd*(7) + dic(2i) + 67 + 2d(7)(s], i — s:)
+2d(m)(s], (20 — 8i) — (yi — 1))
< die(zi) + (M? +4AM + 1)d(m)(tir — t),

which gives us

i (2i1) < di(21) + (M? +4M + 1)d(7) (tip1 — 1)
< 21— @oll* + (M? + 4M + 1)d(7) (i1 — t1)
(M2 + 4M + 1)

2
< (M?+4M + 1)d(r)i < - < % (3.9)

This shows that, for every ¢ € [t;, t;11],

d(2(t)) < dic(2(t)) = di(2(1))) = dic(=i(t:) + (t = t:)s])

< 2d5(z) +2(t — t;)°M* <
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and (3.7) follows. Inequality (3.8) also follows since that for every t € [t;, ;1]

Is: = 21" < 2[12(8) — z* + 2lls: — i
<2t — ;)2 M + A|s; — 8[| + 4|z — 8]
<2t — ;) M? + 4d% (z) + 862
< 243 (m)M? + % + 862 < 267,

where in the last inequality we used (3.9).

Now, let z(t) be the (strong) solution of (3.1) starting at zo, and denote [;(t) :=
s;i—2(t), t € [ti, tit1], so that 2(t) = sf € f(si) — A(si) = f(2(t) +Li(t)) — A(z(t) +
l;(t)). Hence, by using the monotonicity of A we get

(F(0) + 1i(t) = 2(t) = fx(t)) + 2(2), 2(8) + Li(E) — x(t)) = 0,

which leads us, using (3.7) and (3.8) together with the [-Lipschitzianity of f, to

T 112(t) — 2N 1 (2(8) + L(0) — F(a(e)]
< 2 |2(t) — ()] + 21 ||=(1) + Li(2)
+12t) = 2@l [2(8) + () — 2(0)]

(2(t) —i(t), 2(t) — (t)) < 2e || f(2(t) + (1)) = 2(8) = f(x(t)) + 2@
[

—x(t)]

So, if C'is any constant such that ||2(t) — z(¢)|| < C for allt € [0,] (as ||2(¢)|| < M,
and z(-) is Lipschitz on [0,]), we get

(2(t) — @(t), 2(t) — z(t)) < 2eC +4el ||2(t) — z(b)|| + || 2(t) — z(t)||” + 421

2 2
|7 4 2L we get, for

Next, by applying Lemma 3.1 to the function ||z(-) — z(+)
all t € [0,1]
4% +2:C\?
o0 - o)) < () e aetet - ),

implying that, in view of (3.7) and (3.8),

ds((t)) < ds(=()) + ||2(t) — 2(0)] < (w) el 4+ deek,

Consequently, by the arbitrariness of € we conclude that x(t) € S for every t € [0, ¢].

Moreover, as z(t; xg) € S NdomA, by the same argument as above we find t>0
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such that for every ¢ € [0,#] (recall Proposition 3.3)
z(t + t;x0) = x(t; 2(t; 79)) € S N domA;

that is, x(t) € S for every t € [0, + t]. This proves that z(t) € S for every
t > 0. Finally, if 7o € S N domA, we take a sequence (x;) C S N domA such that
x, — To. As we have just shown, for every k > 1 we have that z(t;x;) € S for
every t > 0. Thus, since S is closed, as k — +o0o we deduce that z(t;z() € S for
every t > 0. 0

The proof of Theorem 3.6 shows actually the following:

Corollary 3.7. Given a closed set S C domA NS and xog € SNdomA, we assume
that for some m,r > 0 such that |4y (f(z0))|| < m it holds

sup min (£, f(y) —y") <0 forally € B(xo,7).
€eNE (y) YTEAWNB(O:m)

Then there exists t > 0 such that x(t;x) € S for all t € [0,¢].

As we show in the corollary below the criterion of Theorem 3.6 becomes
necessary if the maximal monotone operator A has a minimal norm section, which
is locally bounded relative to its domain. As typical examples of such operators
there are normal cones to closed convex sets, and the subdifferential mapping
of convex, lower semi-continuous functions, which are Lipschitz relative to their
domains. To fix this concept we say that the operator A is locally minimally
bounded on S, if for every x € S NdomA there exist m,r > 0 such that

|A°(y)|| <m for all y € SN domANB(z,7r). (3.10)

This condition is less restrictive compared with the local boundedness of A relative

to S, which means that for every z € S N domA there exist m,r > 0 such that
ly*[] < m, Vy* € Ay, y € SN domANB(z,7). (3.11)

Obviously every locally bounded operator is locally minimally bounded.

Then the following result gives necessary and sufficient simpler criteria for
the invariance of closed sets with respect to differential inclusion (3.1), using the
normal cone mapping to S, Ng, which stands for either the proximal normal cone

NE or the Fréchet normal cone N%.
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Corollary 3.8. Let S C H be a closed set satisfying (3.2). Then the following

statements are equivalent, provided that A is locally minimally bounded on S,
(7) S is an invariant set for (3.1);

(i) for every x € S NdomA

(@) = ag)(f(2)) € TG (2);

(i) for every x € S N domA

sup (&, f(2) — a@)(f(2))) < 0;

£eNs(z)

(iv) for every x € SN domA and every m > || f(z) — Iag (f(2))||

sup inf ,rty < 0;
£ENs(2) as*e(f(ac)—A(ac»rua(e,m)<g )

and the following assertion, when A is locally bounded relative to S,

(v) for every x € SN domA

su inf ;™) < 0.
§€NSI?:B) CB*Ef(I)—A(I)<€ >

Proof. We fix x € S N domA. The implication (i7i) = (iv) is immediate, while

the implication (i7) = (ii7) follows because T% (z) C (Ng(z))*. In the same line,
implication (¢) = (i7) follows easily by observing that

., dfx(sx o x(tx)—w

(F@) ~ )y = T2 (g) = pan BT ¢y,

Thus, we only need to prove that (iv) = (i). If (iv) holds, by the current

local boundedness assumption of A° on S N domA we pick m,r > 0 such that
I(f(y) — A(y))°|| < m for all y € B(x,2r) NS NdomA. Hence,

B(z,2r)nSNdomA = S, N B(z,2r),
and, since S = S NdomA, for every y € B(z,7) N S,,,

Ns,,(¥) = Ng,,rB@2r)(¥) = NsndomanB(z,2r)(¥) = Nsndoma(y) = Ng(y).
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So (iv) gives us, for every y € B(x,r) NS,

sup inf , ') <0,
€eNs,, (v) x*E(f(y)*A(y))ﬂB(G,m)@ )
and (i) follows, according to Theorem 3.6.
Suppose now that A is locally bounded on S N domA, and consider the
intermediate assertion
(1v) for every x € S N domA and every large enough m > ||(f(z) — A(z))°||

we have that

sup inf ,rt)y < 0.
£eNs(2) m*e(f(oe)fA(ac»ma(e,m)<5 )

As we see from the proof above (namely, the implication (iv) = (7)), we have that

(iv)" = (i), so that (v) = (iv)’ = (7). The proof of the corollary is finished because
the implication (iv) = (v) is immediate. O

In the following corollary we deduce another sufficient condition for the
invariance of closed sets, using the Moreau-Yoshida approximations of A. Observe

that we do not require here that set S satisfies condition (3.2).

Corollary 3.9. Given a closed set S C H, we suppose that for every bounded
subsets B of S

liminfsup sup (€, f(y) — Ax(y)) < 0.
MO yeB eeNE(y)

Then S is invariant set for (3.1).

Proof. Fix an x € S and let z(-;x) be the corresponding solution of (3.1). Given
an r > 0 we let \g, £ > 1, be such that A\, | 0 and

sup (&, f(y) — A (y)) <Oforall k> 1andy e B(x,r)NS. (3.12)
£eNE(y)

If e < § and ¢ > 0 are such that x(t;2) € B(z, ]) for all ¢ € [0,], then for large
enough k£ > 1 the solution x,, (-;x) of the differential equation @(t) = f(z(t)) —
Ay, (z(t)), z(0) = x, satisfies (see Proposition 3.3)

la(tia) —ar (o)< e < 7 (3.13)

hence, x),(t;x) € B(x, §) for all ¢ € [0,7]. On the other hand, since A, is Lipschitz
continuous, for large enough m > 0 we have B(z,7) NS = {z € B(z,r)N S |
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| Ay, (2)]] < m}. So, according to Corollary 3.7, (3.12) ensures that for some £ > 0,
say ¢ € (0,%), it holds xy, (t;z) € S for all ¢ € [0,#]. Since ), (t;x) € B(x, %) for
all t € [0,], we infer that x) (t;x) € B(x,5) NS for all t € [0,]. Consequently,
by (3.13) we get dg(z(t;x)) < e for all t € [0,¢]. Then, as ¢ — 0, we deduce
that z(t;2) € S for all t € [0,¢]. Finally, the invariance of S follows by using the

semi-group property of the solution z(-;x) (see again Proposition 3.3). ]

We consider now the special case where f = 6, so that our differential inclusion

(3.1) takes the simpler form
x(t) € —A(z(t)), x(0)=xy € domA. (3.14)
In this case, the criterion of Theorem 3.6 becomes also necessary as the following

corollary shows. Here too Ng,, stands for either N§ or N§ .

Corollary 3.10. Let S C H be a closed set satisfying (3.2). Then the following
statements are equivalent:

(i) S is an invariant set of (3.14);

(1) for every x € S N domA

—A°(x) € T§ (x) for allm > ||A°(2)]|;
(i) for every x € S NdomA and for every m > ||A°(x)||

sup  (§, —A°(2)) < 0;

fENsm (a:)

(iv) for any x € SN domA and every m > ||A°(z)||

sup inf & x) <0.

ﬁENsm(x) a:*E(—A(x))ﬂB(H,m)< >

Proof. As in the proof of Corollary 3.8, the implications (ii) == (iii) and
(441) = (iv with Ng, = N§ ) = (iv with Ng,, = N§ ) are immediate. For
the implication (i) == (ii), we assume that S is an invariant set of (3.14). If
zr € SNdomA, then for a given m > ||A°(z)|| we have

dtx(t;x)
dt

dtz(0; z)
dt

= [|A°(x)|| < m, for all t > 0.

4l - |

S ’

Hence, z(t;z) € Sy, for all t > 0 and we deduce that —A°(z) = d+xd(f;x) e T§ (y),
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yielding (47). Finally, the implication (iv with Ng, = N ) = (i) is direct from
Theorem 3.6. O

To show how can our Theorem 3.6 be applied we consider the following example,
which is treated in details in [5] in order to study the existence and the stability of
solutions of differential inclusions involving the normal cone to a prox-regular set.

Recall that a closed set C' C H is said to be uniformly r-prox-regular (r > 0)
if for every x € C and £ € NE(z) N B(6,1) we have ([73])

1
(§y—x) < o |y — z||* for all y € C.

Example 3.11. Let C' C H be a uniformly r-proz-regular set and consider the

associated differential inclusion
z(t) € g(x(t)) — Ne(z(t)) ae. t€[0,T], z(0) =0 € C, (3.15)

where g is a Lipschitz mapping on H. According to [5, Lemma 6(c)], let L : H = H

be a mazximal monotone operator such that for some m > 0 it holds, for all y € C,
m m
Ne(y) N B(0,m) + —=y < L(y) € Ne(y) + -,
and consider the associated differential inclusion

&(t) € g(a(t)) + Za(t) — L(x(t)) ae. t € [0,T],
z(0) = z9 € C' (C domL).

(3.16)

This inclusion perfectly fits the form of differential inclusion (3.1). Then we make
appeal to Theorem 3.6 to prove that the set C' is invariant for (3.1), so that

z(t) = L(x(t)) C g(x(t)) — Ne(z(t)),

i(t) € gla(t) + =

providing us with a solution for (3.15). We refer to [5] for more details.

3.4 Lyapunov pairs and functions

In this section, we apply the results of the previous section to derive different

criteria for a-Lyapunov pairs with respect to differential inclusion (3.1) :

x(t) € f(x(t)) — A(z(t)), te]0,00), z(0) =x¢ € domA,
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whose unique solution is written z(-;zo). Similar criteria to ours have been
established recently in [7, 8] in the case of weakly lower semi-continuous Lyapunov

pairs.

Definition 3.12. We say that a pair (V,W) of proper lower semi-continuous
functions V,W : H — R with W > 0, is (or forms) an a-Lyapunov pair (a > 0)
with respect to system (3.1) if, for every zq € domA,

t
eV (z(t; o)) —|—/ W (z(1;x0))dT < eV (2(s;20)), forallt>s>0.

Observe that (V, W) is an a-Lyapunov pair with respect to system (3.1) iff for
every zp € domA there exists a t > 0 such that (see, e.g., [7, Proposition 3.2])

eV (x(s;x0)) + /08 W(x(r;x0))dr < V(xo), forallse]|0,¢.

We may assume without loss of generality that W is Lipschitz continuous on
every bounded set (see, e.g., [7, Lemma 3.1] or [30, Theorem 1.5.1]). While,

concerning function V, one need to suppose the following condition

V(z) =liminf V(y) for every x € domV, (3.17)

doma
Yy — x

which is in fact necessary for V' to be a Lypunov function in many important cases

(for instance, when differential inclusion (3.1) possesses a strong solution).

Theorem 3.13. Given two proper lower semi-continuous functions V : H — R
satisfying (3.17), W : H — R, and a real number a > 0, we assume that for every
z € domV NdomA there are m,r > 0 such that ||llaw)(f(2))|| < m and, for all
y € B(z,r),

sup inf )(5, fly) —y*) +aV(x)+W(x) <O0.

£€op(V+14,,)(y) v EAWNB(O,m

Then (V,W) forms an a-Lyapunov pair with respect to system (3.1).

Proof. We fix T > 0 and 2y € domV NdomA. Following the discussion made before
the current theorem we may suppose without loss of generality that W is Lipschitz
continuous on every bounded set containing the trajectory {z(t;zo),t € [0,T]}.

Let us define the maximal monotone operator A: H xR = H x R?* and the
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Lipschitz function f cHxR*— HxR* as

A(I7l’b) = (A(ZE),HR4), f(x,,u) = (f(l‘), L0, 170>7

and, given a fixed py € R*, consider the associated differential inclusion given in
H x R* by

9(t) € fly(t) — Ay(1)) ace. t€[0,T], y(0) = (o, o), (3.18)
whose unique solution is y(t) := (z(¢),t,0,t,0) + (6, o), t € [0,T] (with x(t) :=
z(t; o).

For each n > 1, we consider the lower semi-continuous function V,, : HxR? — R

defined as

Valr,a,0,7) = €V (@) + (0~ Boulo) + Gla— B, (3.19)

where g, is an I'-Lipschitz extension of the function W (z(-;20)) — = from [0, T] to
[—1,T + 1]; hence,

dogn(a) C B(0,1") for all a € [0,T + 1]. (3.20)
We denote
S = epiV,,

so that S = S NdomA, by (3.17), and

A

epi(Vy, + 14, wr3) = SN A, = Sp. (3.21)

We also denote 1o := (o, 0gs, V(x9)) € SN domA. Let m,r > 0 be as in the
current assumption, corresponding to xy, and choose ¥ < r small enough such that
for all (z,«, 5,7v) € B((zo,0s),T)

—1
gn(a) — e W (z) +20'|a— | < —

o (3.22)

Take y := (y1, 1) € B(yo,7) N Sy, with y; := (21, a1, f1,71), and pick (£, —k) €
N% (y). Due to (3.21) and [30, Exercise 1.2.1],

(&, —r) € NG, (y) = N;i(vnHAmm;;)(?/) C Né;(vnmmxm) (Y1, Val(y1)) ;
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hence, k > 0. If Kk > 0, say x = 1 for simplicity, then £ € 9p(V,, +14,, «xr3)(y1) and,
thanks to (3.19), we find & € 9p(V +14,,)(z1) and ¢ € Ipgn(a1) C Ocgn(an) such
that

§ € (&1, gn(an) + (an — i) (s + l,)> —gn(a1) + l/(ﬂl —aq),ae"V(z1)) .

Since y € B(yo,7) N S, we have that z; € B(xg,7) N A, N domV and, so, by
the current assumption, there exists an ] € A(z1) N B(6,m) (this last set being

weak*-compact) such that
(€1, f21) = 21) +aV(z1) + W(21) < 0.

Then we obtain (recall (3.20) and (3.22))

((§,—1), (f(z1) —27,1,0,1,0)) = (&, f(21) — 27) + gnla1)
+ (1 = B1)(s +1') + ae”"V (21)
= " ((§1, f(21) — 1) + aV (1) + W(z1))

+ gn(on) — W (w1) + (a1 = Bu)(s +1')
< gulon) — W) + 2 jon — Bi] <
(3.23)

If kK = 0, then thanks to (3.19) we find {& € H such that & = (&, 0gs), with the
property that there are sequences A | 0, z VA x1, G € Op(V +14,,)(2) such
that A\ (. — & as k — oco. By the current assumption, for each large enough k so
that z; € B(zo, ) there exists z; € A(z;) N B(#, m) such that

<<ka f(Zk) - ZZ> + GV(Zk) + W(Zk) <0.

Because A is maximal monotone and (z} ) is bounded, we can find an 23 € A(z1)N
B(#,m) such that (&, f(z1) — x3) < 0; hence, by multiplying the last inequality
above by Ay and taking the limit as k — oo,

<<570)> (f(xl) - x; 1,0,1, 0)> = <£>f(w1) - x;> <0. (3'24)

According to Corollary 3.7, (3.23) and (3.24) imply the existence of some ¢ :=
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t(n) € (0,T] such that for every ¢ € [0, ],
(I<t)7 t? 07 t) V(‘TO)) S Sa
in other words, eV (z(t)) + tg,(t) + %t2 < V(xg) and, so, for every ¢ € [0, ]

eV (z / W(x < e"V(x(t)) + /Ot(g(t) +1'(t — T))dT-i-%

< Vi) + % (3.25)

Now, we claim that for all ¢t € [0, T

e(l—i—a)
eV (x / W(x(r))dr < V(xg) + : (3.26)
n
To prove this claim we define
t* :=sup{t € [0, T] | inequality (3.26) holds on [0, t]}.

Indeed, from (3.25) and the lower semi-continuous of V| it follows that (3.26)
holds at t*. If t* < T, we denote y* := (x(t*),0gs, V(x(t*))) and we easily check
that y* € S NdomA. Then, arguing as with yo above, we arrive at a relation which
is similar to (3.25); that is, there is some # > 0 such that for all ¢ € [0, {]

eV (2 /W wmaE))dr <VEE) + L. (327)

n

Hence,

Y ((t+ ) + i W x(r))dr

< eV (2(t + t¥) +ft+t ))dr + (e —1) fo o(T + t))dr
= e (e V (a(t +1)) +f0 T—i—t*))dT— Ly W ))d7+ et
< eV (x(t)) + i W ))dT+ etk

< V() + €25 + &

n

Consequently, due to the inequality ¢¥ > 1 + +, we obtain that for all ¢ € [0, ]

) -t p(1+a)(t+t7)
ealt+t )V(x(t +t%) + W(x(r))dr < V(rg) + ———,
: n

leading us to a contradiction with the definition of ¢*.

52 Lyapunov stability



Invariant sets and Lyapunov pairs

Now, the claim being true, we take the limit in (3.26) as n goes to +o0o to
obtain that

eV (x(t)) + /Ot W (z(r))dr < V(xg) for all t € [0,T].

Finally, if o € domV, then by the current assumption (3.17), there exists a
sequence (zx)r>1 C domV N domA such that xy v 2g. Thus, from the last

inequality above we conclude that
t
eV (z(t; ) —l—/ W(z(r;xg))dr < V(xy) for all t € [0,7] and all & > 1.
0

Hence, as k goes to +00, the lower semi-continuous of V' and Proposition 3.3 ensure
that

eV (z(t; 20)) + /Ot W (x(1;20))dT < V(x0) for all ¢ € [0, T,

showing that (V, W) is an a-Lyapunov pair. H

As in the case of the invariance of closed sets, the criterion of Theorem 3.13
takes a more simpler form when the maximal monotone operator A, or its minimal
norm section, A°, is locally bounded (see (3.10)). Here, OV stands for either 0pV
or OrV.

Corollary 3.14. Given two proper lower semi-continuous functions V.W : H —
R, such that W > 0 and (3.17) holds, and a number a > 0, we assume that A
is minimally locally bounded relative to domV'. Then the following statements are

equivalent.
(i) (V,W) is an a-Lyapunov pair for (3.1);
(i1) for any x € domV NdomA

sup (&, (f(z) — A(2))°) +aV(z) + W(z) <0;
€€V (x)

(17i) for any x € domV N domA

V'(z; (f(z) — A(2))°) + aV (x) + W(z) < 0;

Moreover, if in addition, (3.11) holds, then the above statements are also

equivalent to
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(1) for any x € domV N domA

sup inf (£ f(z) —2") +aV(z) + W(z) <0
£€oV (z) T*EA(T)

(v) for any x € domV N domA

elfqlf | V'(x; f(z) —v) +aV(z) + W(z) <O0.

Proof. First, the implications (ii)(with 0 = 0p)= (iii)(with 0 = 0p) = (i7)
follow since that dp C dp and ceg,v () < V'(z;-).

(1) = (iii). Fix zy € domV N domA. Since (V, W) is an a-Lyapunov for (3.1),
we have that for all ¢ > 0
V(x(t; o)) — V(xg) e —1

, + " V(z(t; x0)) +%/O W (x(7;m0))dT <0,

while Proposition 3.5 ensures that

lim x(t; z0) — 20 _ d*x(0; xg)
10 t dt

= (f(wo) — A(0))°.

Hence, using the lower semi-continuous of V' together with the continuity of z(+; zy),

V(a0 () — Ale0)?) < Tigjuf 000 = VL)

< _ _
0 < —aV(xg) — W(xo),

(3.28)

leading us to (i7).

(73)(with 0 = 0p) = (i). We fix xy € domV N domA. From the one hand, by
the boundedness assumption of A°, for a large m > 0 there exists an r > 0 such
that

B(zg,r) N domV NdomA C A,,. (3.29)

On the other hand, we have that
Op(V +14,)(x) C 0pV(x) for all z € B(xy, g) (3.30)

Indeed, if £ € Op(V + 14,,)(x) for 2 € B(xo, §), there exist 6 > 0 and p € (0, 5)
such that

(V+14,)(2) > V(x)+ (£ z—x) =]z — 9(:||2 Vz € B(z, p).
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Take z € B(z, £) NdomV (C B(zo,7)). By (3.17) together with (3.29), there exists
a sequence (z,), C B(z,p) NdomV N A,, such that z, — z and V(z,) — V(2).
Since each z, satisfies the last inequality above, by taking the limit as n — oo we
arrive at V(z) > V(z) + (£, 2 — 2) — ||z — z|* and the inclusion (3.30) follows.

At this stage, from (3.29) and the Lipschitzianity of f there exists some M > m
such that, for all z € B(x,r),

ITLacoy (f(@)]] < If @)+ [|A°(@)]| < | f (@)l +m < M,

which shows that (f(z) — A(z))° € f(z) — A(z) N B(6, M). Since 0p(V + 14,,) C
Op(V 4+ 14,,), in view of (3.30), assumption (iz)(with 0 = 0p) implies that, for
every = € B(xo, §)
su inf ) —ax")+aV(z)+ Wi(x) <
ol (66— V) £ W)
sup (6, () — A@))") +aV () + W(a) <0

€copV(x)

Thus, (7) follows from Theorem 3.13.

Finally, if A is locally bounded on domV, then from the first part of the proof
one only needs to verify the implication (iv) == (i), the proof of which is similar
to the one of “(ii) = (i)” that we did above. O

In the following corollary we provide criteria for a-Lyapunov pairs, which use
the Moreau-Yoshida approximation of A.

Corollary 3.15. Let V.W and a be as in Corollary 3.14, and let O be such that
Op C 0 C Oc. If there exists \g > 0 such that for all A € (0, A¢]

sup (&, f(x) — Ax(x)) + aV(z) + W(x) <0 Vo € domV,
£edV (z)

then (V,W) is an a-Lyapunov pair for (3.1).

Proof. Fix xy € domV and ¢t > 0. If x)(+;x¢) is the solution of the differential
equation
2A(t) = f(za(t)) — Ax(za(1)), 2A(0) = 20 (A € (0, Ao)), (3.31)

then, according to Corollary 3.14(ii), the pair (V,W) is an a-Lyapunov pair of
(3.31); that is,

eV (zA(t)) + /Ot W (xx(7))dr <V (xg) for all t > 0.
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Hence, the conclusion follows as A | 0. O]

We consider now the case when f = 0 so that differential inclusion (3.1) reads
z(t) € —A(x(t)), 2(0) = xo € domA. (3.32)
In the following theorem O stands for either dp or Op.

Corollary 3.16. Let V,WW : H — R be two proper lower semi-continuous
functions, such that W > 0 and (3.17) holds, and let a > 0. Then the following

statements are equivalent:

(i) (V,W) is an a-Lyapunov pair for (3.32);

(ii) for every x € domV NdomA and every m > ||A°(z)]|

sup (&, —A%(x)) +aV(z)+ W(zx) <0
€ed(V+ia,, ) (@)

(iii) for every x and m as in (ii)

sup inf €27+ aV () + W(z) < 0:
£€o(V+14,,)(x) CU*E—A(CIZ)NB(Qm)( > ( ) ( )

(iv) for every x and m as in (ii)
(V+14,) (x;—A%(2)) + aV(z) + W(x) <0;
(v) for every x and m as in (ii)

inf La, ) (z; <0.
(VL) 50) + V() £ W) <0
Proof. The implications (i1) = (i), (iv) = (v), (iv) = (i), and (v) = (di1)
are immediate. To prove that (i) = (iv), we fix 2o € domV N domA and m >
| A°(x0)]| . According to Proposition 3.3, for any ¢ > 0 we have that

dtx(t; zo)
dt

d*x(0; xo)
dt

|- A(attsza)] = |

\ — =A%) < m:

that is, z(t,z9) € A, for all ¢ > 0. Hence, since w — —A°(xg) as t | 0,

provided that (V, W) is an a-Lyapunov pair for (3.32) we obtain, by arguing as in

56 Lyapunov stability



Invariant sets and Lyapunov pairs

the proof of (3.28),

(V 4 14,,) (z0; —A°(20)) < lintﬂui)nf (V + La,, ) (2(t; xO)t) — (V +14,,)(%0)
V(2(t; 7)) — V(o)
t

= lim inf
10

< —aV(z) — W(z),

giving rise to (iv).
Finally, the conclusion of the corollary follows because the implication (iii) =
(7) holds according to Theorem 3.13. O

We obtain the following corollary, which can be find in [54]; the original version
of this result was established in [70]

Corollary 3.17. Let V,W : H — R be two proper lower semi-continuous
functions, such that W > 0, and let a > 0. If condition (3.17) and, for every
r € domV,

. V(L(z) = V()
hrf\li%)nf 3

then (V,W) is an a-Lyapunov pair for (3.32).

+aV(x)+W(x) <0,

Proof. We fix x € domV N A,, for some large m > 1. Since A,(x) € A(Jyx) and
|Ax(z)]] < ||A°(2)|| < m, we infer that J\(z) € A,, and, so, using the current
assumption,

V(Jx(2)) = V(z)

(V +14,) (zg; —A°(20)) < lintlui)nf

< —aV(z) — W(x).
The conclusion follows then from Corollary 3.16(iv). O
Corollary 3.14 obviously covers the case when A is the null operator, where

(3.1) becomes a usual differential equation stated in the Hilbert space H as
x(t) = f(x(t)) a.e. t >0, z(0) ==y € H. (3.33)

The following characterization is known when 0 is the viscosity subdifferential
as defined in [54, Definition 2.7], while the case of weakly lower semi-continuous

a-Lyapunov pairs can be found in [7].
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Corollary 3.18. Let V.W and a be as in Corollary 3.14, and let O be such that
Op C 0 C Oc. Then the following statements are equivalent:

(i) (V,W) is an a-Lyapunov pair for differential equation (3.33),
(ii) for every x € domV

gesalll/rg )(5, f@)y+aV(x)+W(z) <0, (3.34)

(iii) for every x € domV
V'(x; f(2)) + aV(z) + W(z) <0.

Proof. In view of Corollary 3.14, we only need to check that (1) = (ii) (with
0 = 0c), and this easily follows from the relation OcV = @6(9,V + 05 V). Indeed,
assume that (7) holds and take £ € 9,V (x) and ¢ € 05V (x). By the definition of
drV (x) we choose sequences &, € 0pV (xy) such that xy Y% 2 and & — €. Then,

by (1),
(&, f(zg)) +aV (xg) + W(zy) <0 forall k> 1,

and, so, as k — 0o, we deduce that (¢, f(z)) + aV(xz) + W(z) < 0. Similarly, we
choose sequences xy, Y, + and Ak 4 0 such that ¢ € 9pV (x) and AgCy — ¢. Then,
by arguing as above we deduce that (¢, f(x)) < 0, which in turn yields

€+ ¢ (@) +aV(z)+ W(r) <0,

and this gives us (i7) (with 0 = d¢) by convexification. O

We close this section by analyzing a typical example of Lyapunov pairs.

Example 3.19. Assume that a function V : H — R is a proper, convex and lower

semi-continuous, and consider the differential inclusion
x(t) € =0V (x(t)).
Then the pair (V, ||(V)°||?) is a Lyapunov pair, so that for every z, € domV
t
V(x(t; x0)) —i—/ & (75 20)||*dr < V(20) for all t > 0.
0

To see this fact we fix z € domANdomdV. Since Ay(x) € A(Jy(x))for every A > 0
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(A = 0V), condition (3.17) holds and one has that

V(Ia(2)) = V(x) < =(Ax(z), 2 = Jx(2)) = —%Hx — ()|

Hence,
lip inf YAV A (2)|
. . V(Jx(x))=V(x 2
< tim inf (LAY 1+ Lo — Jy(@))7) <0

and Corollary 3.17 (together with Proposition 3.3) applies.

3.5 Conclusion and further research

We gave different conditions for the invariance of closed sets, which only involve

the input data, represented by the maximal monotone operator and the Lipschitz

mapping. These conditions are applicable to a large variety of closed sets which do

not need to be convex or smooth. The current work extends and improves some of

the results given in [7, 8] and dealing with weakly closed invariant sets and weakly

lower semi-continuous a-Lypunov pairs. It will be our aim in a forthcoming work

to apply the current results to specific differential equations/inclusions where the

underlying maximal monotone operator is not known explicitly. This will make the

access to the corresponding semi-group more easier, namely regarding the behavior

at infinity of trajectories.

Lyapunov stability
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Chapter 4

A convex approach to differential
inclusions with prox-regular sets:
Stability analysis and observer

design

We study the existence and stability of solutions for differential inclusions governed
by the normal cone to a prox-regular set and subject to a Lipschitz perturbation.
We prove that such, apparently, more general systems can be indeed remodeled
into the classical theory of differential inclusions involving maximal monotone
operators. This result is new in the literature and permits us to make use of
the rich and abundant achievements in this class of monotone operators to derive
the desired existence result and stability analysis, as well as the continuity and
differentiability properties of the solutions. This going back and forth between
these two models of differential inclusions is made possible thanks to a viability
result for maximal monotone operators. As an application, we study a Luenberger-
like observer, which is shown to converge exponentially to the actual state when
the initial value of the state’s estimation remains in a neighborhood of the initial

value of the original system.
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4.1 Introduction

We consider in this paper the existence and stability of solutions problem of the

following differential inclusion, given in a Hilbert space H,

x(t) € f(x(t)) — Ne(x(t)) for almost every t > 0, (4.1)
(05 x9) = xo € C,

where N¢ is the normal cone to an r-uniformly prox-regular closed subset C of H.
The dynamical system driven by the set C' is subject to a [-Lipschitz continuous
perturbation mapping f defined on H. By a solution of (4.1) we mean an absolutely
continuous function x(+; x¢) : [0, +00) — H, with z(0; z¢) = x¢, which satisfies (4.1)
for almost every (a.e.) t > 0; hence, in particular, z(t) € C for all ¢ > 0. Indeed,
such a solution is necessarily Lipschitz continuous on each interval of the form
[0,7] for T > 0 (see Theorem 4.14). Differential inclusion (4.1) appears in the
modeling of many concrete problems in economics, unilateral mechanics, electrical

engineering as well as optimal control (see eg. [1, 33, 62, 82] and references therein.)

It was recently shown in [63] and [62] that (4.1) has one and only one (absolutely
continuous) solution, which satisfies the imposed initial condition. These authors
employed a regularization approach based on the Moreau-Yosida approximation,
and use the nice properties of uniform prox-regularity to show that the approximate
scheme converges to the required solution. In this way, such an approach repeats
those arguments of approximation ideas which, previously, were extensively used

in the setting of differential inclusions with maximal monotone operators.

Problems dealing with the stability of solutions of (4.1), namely the
characterization of weakly lower semi-continuous Lyapunov pairs and functions,
have been developed in [61] following the same strategy, also based on Moreau-
Yosida approximations. Most of works on these problems use indeed this natural
approximation approach; see, e.g. [61-63].

In this paper, at a first glance we provide a different, but quite direct, approach
to tackle this problem. We prove that problem (4.1) can be equivalently written

as a differential inclusion given in the current Hilbert setting under the form

z(t) € g(x(t)) — A(z(t)) ae. te][0,T], (42)
x(0;z9) = xg € domA,

where A : H = H is an appropriate maximal monotone operator defined on H,
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and g : H — H is a Lipschitz continuous mapping. Then, it will be sufficient to
apply the classical theory of maximal monotone operators ([21]; see, also, [7, 8]) to
analyze the existence and the stability of solutions for differential inclusion (4.1).
The concept of invariant sets will be the key tool to go back and forth between
inclusions (4.1) and (4.2). Invariant sets with respect to differential inclusions
governed by maximal monotone operators have been studied and characterized in
[7, 8]. Other references for invariant sets, also referred to as viable sets, and the
related theory of Lyapunov stability are [12, 26, 54, 70] among others. We also refer
to [39] for an interesting criterion for weakly invariant sets, which is established
in the finite-dimensional setting for differential inclusions governed by one side-
Lipschitz multivalued mappings with nonempty convex and compact values. This
result has been used in [33], always in finite dimensions, to provide weakly and
strongly invariance criteria for closed sets with respect to more general differential
inclusions where the set C in (4.1) is time dependent and f is a Lipschitzian

multivalued mapping.

We shall also provide different criteria for the so-called a-Lyapunov pairs of
lower semi-continuous functions to extend some of the results given in [7, 8, 61]
to the current setting. It is worth to observe that the assumption of uniformly
prox-regularity is required to obtain global solutions of (4.1), which are defined on
the whole interval [0, 7]. However, our analysis also works in the same way when
the set C' is prox-regular at xg rather than being a uniformly prox-regular set; but,

in this case, we only obtain a local solution defined around x.

This paper is organized as follows. After giving the necessary notations and
preliminary results in Section 2, we review and study in Section 3 different aspects
of the theory of differential inclusions governed by maximal monotone operators,
including the existence of solutions, and we provide a stability results dealing
with the invariance of closed sets with respect to such differential inclusions. In
Sections 4, we provide the new proof of the existence of solutions for differential
inclusions involving normal cones to r-uniformly prox-regular sets. Section 5 is
devoted to the characterization of lower semi-continuous a-Lyapunov pairs and
functions. Inspired from the recent paper [78], we give in section 6 an application

of our result to a Luenberger-like observer.
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4.2 Preliminaries and examples

4.2.1 Preliminary results

In this paper, H is a Hilbert space endowed with an inner product (-,-) and an
associated norm ||-||. The strong and weak convergences in H are denoted by —
and —, resp. We denote by B(z, p) the closed ball centered at x € H of radius
p > 0, and particularly we use B for the closed unit ball. The null vector in H is
written 6. Given a set S C H, by coS, coneS and S we respectively denote the

convex hull, the conic hull and the closure of S. The dual cone of S is the set
S*:={x* € H| (2", 2) <0 for all x € S}.
The indicator and the distance functions are respectively given by
Ig(z) :==0 if x € S; +00 otherwise, dg(x) :=inf{||lx —y||: vy € S}

(in the sequel we shall adopt the convention infy = +o00). We shall write 2 for the
convergence when restricted to the set S. For § > 0, we denote II$ the (orthogonal)

o-projection mapping onto S defined as

y(z) = {y € S ||z —yl’< d§(z) + 6}

For § = 0, we simply write IIg(x) :

1% (z). It is known that IIg is nonempty-
valued on a dense subset of H \ S ([29]).

For an extended real-valued function ¢ : H — R, we denote domy := {z €
H | p(x) < +o0} and epip := {(z,a) € H x R| ¢(x) < a}. Function ¢ is lower
semi-continuous if epip is closed. The contingent directional derivative of ¢ at

x € domey in the direction v € H is

¢'(z,v) := liminf plo £ tw) = gp(x)

t—0t , w—v t

A vector £ € H is called a proximal subgradient of ¢ at x € H, written € Opp(z),
if there are p > 0 and o > 0 such that

o(y) > o(x) + &y —x) —olly — z|]* V y € By(x);
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a Fréchet subgradient of ¢ at z, written £ € Opp(x), if

o(y) > p(x) + (§y—x) +olly —zl) Vy € H;

and a basic (or Limiting) subdifferential of ¢ at x, written £ € Jdpp(x), if there

exist sequences (xy)r and (& )x such that
z = x, (e, zp = and (zg) = (), & € Ipp(ay), & — &

If © ¢ domyp, we write dpp(z) = dpp(x) = dre(x) = 0. In particular, if S is a
closed set and s € S, we define the prozimal normal cone to S at s as NE(s) =
Ipls(s), the Fréchet normal to S at s as NE(s) = dplg(s), the limiting normal
cone to S at s as NE(s) = Orplg(s), and the Clarke normal cone to S at s as
N¢(s) = @o(NL(s)). Equivalently, we have that NZ(s) = cone(Ilg'(s) — s), where
IIg'(s) := {z € H | s € lIg(x)}. The Bouligand and weak Bouligand tangent cones

to S at z are defined as

Té(z):={veH|Ta, €83ty =0, stt, (z,—xz) > vask— +oo}
TY(z):={veH|Tz,€ S, Ity =0, stt; (xx —z) ~vask— +oo}, resp.

We also define the Clarke subgradient of ¢ at x, written dop(z), as the vectors
¢ € H such that (§,—1) € N§; (x,¢(x)), and the singular subgradient of ¢ at

z, written dyp(z), as the vectors & € H such that (£0) € NI, (z,¢(z)); in

particular, if & € O,¢(x), then there are sequences zj, — z, & € Ipp(xy),and
A — 07 such that A\i.&, — &. Observe that Opp(x) C Opp(xz) C drp(x) C dop(x).

For all these concepts and their properties we refer to the book [64].

We shall frequently use the following version of Gronwall’s Lemma:

Lemma 4.1. (Gronwall’s Lemma; see, e.g., [2]) Let T > 0 and a,b € L*(to,to +
T;R) such that b(t) > 0 a.e. t € [to,to + T. If, for some 0 < v < 1, an absolutely

continuous function w : [tg, to + T] — R satisfies
(1 —a)w'(t) < a(t)w(t) +b(H)w(t) a.e. t € [to, to + T1,
then

t t t
w'(t) < wl_a(to)effo alr)dr +/ els A8\ ds, Vit € [to, to + T).

to
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4.2.2 Some examples

Example 4.2. (Parabolic Variational Inequalities). Let 2 C RY be an open
bounded subset with a smooth boundary 9€). Let us consider the following
boundary value problem, with Signorini conditions, of finding a function (¢, x) —
u = u(t, ) such that

Gu _Au=f, (t,z) €[0,T) %,
(P) < u(0,7) =ug(x), x € Q (initial condition)
u>0, % >0and u =0 for (t,z) € [0,T] x .

It is well-known that the weak formulation of problem (P) is given by the following

parabolic variational inequalities

Find u € C such that
(V1) /Qul(t)<v(t> —u(t))dz + /QVu(t) -V(v(t) —u(t))dx >
/f(t)(v(t) —u(t))dz, Yv € C, ae. t €[0,T].

Q
Here, C = {v € L*(0,T; H(Q)) : v(t) € C for a.e. t € [0,T]}, where C = {v €
H'(Q) : v >0o0n 00N} It is easy to see that the parabolic variational inequality
(VI) is of the form (4.1). The convexity structure of the set C' (since it is a closed
convex cone) makes the problem (VI) standard and may be straightforward. Let
us consider now a function g : R — R and define the new set C' with the associated
set C
C={ve H(Q): gv(x)) >0 for z € 0Q}.

The set C is no more convex and some sufficient conditions on the function g
are necessary to ensure the prox-regularity of the sets C' and C (see [4] for more
details).

Example 4.3. (Nonlinear Differential Complementarity Systems). Let
us consider the following ordinary differential equation, coupled with a

complementarity condition,

z(t) = f(z(t))

(NDCS) +A(t), t€10,T]
A(t), g(z(t)) = 0,

(A1), g(=())) = 0,

where f: R® — R", g : R® — R™ are of class C* and A : [0, 7] — R™ is a Lagrange
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multiplier (unknown function). We have that

A(t), g(x(t) = 0, (A1), g(x(1))) = 0 <= —A(t) € Nar(g(x(t))).

Hence, (NDCS) is written as

i(t) € f(x(t)) — Nep(g(2(1))),

with Ngm (g(z(t))) = Ol (g(2(t)), where 0 denotes the subdifferential in the sense
of convex analysis. If we suppose a qualification condition such as, e.g., Vg is
surjective, then, using classical chain rules for Clarke generalized subdifferential

(see e.g. [76]), we get

O(Izy © g)(x) = Vg(z)" Ny (g(z)).

By setting C' = {x € R" : g(x) > 0}, it is easy to see that problem (NCDS) is

equivalent to the following differential inclusion

#(t) € f(x(t)) — No(x(t)),

which is of the form of (4.1). Under some sufficient conditions on the vectorial

function g (see [4, Theorem 3.5]), we show that the set C' is r-prox-regular.

Many problems in power converters electronics and unilateral mechanics can be
modeled by nonlinear differential complementarity problems of the form (NDCS)
(see e.g. [1] and [82])).

4.3 Differential inclusions involving maximal

monotone operators

We review in this section some aspects of the theory of differential inclusions
involving maximal monotone operators. Namely, we provide an invariance result
for associated closed sets that we use in the sequel.

Given a set-valued operator A : H = H, which we identify with its graph, we
denote its domain by domA := {x € H | A(z) # 0}. Operator A is monotone if

(r1 — 22,51 —y2) 20 forall (z1,1), (22,52) € 4,
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and a-hypomonotone for o > 0 if the operator A + «id is monotone, where id
is the identity mapping. We say that A is mazimal monotone if A is monotone
and coincides with every monotone operator containing its graph. In such a case,
it is known that A(z) is convex and closed for every x € H. We shall denote by
(A(z))°, x € domA, the set of minimal norm vectors in A(z); i.e., (A(z))° :={y €
A(z) | ||ly|l= min,eaw)l|z||}; hence, for any vector € domA and y € H, the set
I 4(2)(y) is a singleton and we have that (y — A(x))° =y — Haw)(y).

We consider the following differential inclusion
i(t) € f(x(t)) — A(z(t)) te€0,00), x(0;20) = xo € domA, (4.3)

governed by a maximal monotone operator A : H = H, which is subject to a
perturbation by a (I—)Lipschitz continuous mapping f : H — H. By a strong
solution of (4.3) starting at 2o € domA we refer to an absolutely continuous
function x(-;z9) which satisfies (4.3) for a.e.t > 0, together with the initial
condition z(0;zo) = . It is known that (4.3) processes a unique strong solution
whenever zo € domA, H is finite-dimensional, int(domA) # (), or A is the
subdifferential of convex, proper, and lower semi-continuous function. More
generally, we call z(-;29) a weak solution of (4.3) starting at zo € domA, the
unique continuous function which is the uniform limit of strong solutions x(-; xy)

with (x) C domA converging to z.

The following result provides other properties of the solutions of (4.3); for more
details we refer to the book [14, 21]. To denote the right-derivative whenever it

exists we use the notation

dta(t; xo) — lim o(t 4 h; zo) — x(t)
dt h10 h

Proposition 4.4. Fiz xg,yo € domA. Then system (4.3) has a unique continuous
solution x(t) = z(t; xo), t > 0, such that, for all s,t >0

w(syx(t;20)) = w(t + s120),  [[2(t;20) — 2(t;90) || < €"[|z0 — wol -

Moreover, if xqg € domA, then

dtx(t; zo)

= (@t 20)) = Alz(t;20))]” = f(2(t 20)) — Maae (f(2(E 20))),
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dtax(t)

and the function t — —

1s right-continuous at every t > 0 with

We are going to characterize those closed sets which are invariant with respect

(4.4)

50 o
dt

dtz(0)
dt '

to differential inclusion (4.3).

Definition 4.5. A closed set S C H is strongly invariant for (4.3) if every solution
of (4.3) starting in S remains in this set for all time ¢ > 0.

The set S C H is weakly invariant for (4.3) if for every xy € S, there exists a
solution x(+; xo) of (4.3) such that z(¢;zo) € S for all time ¢ > 0.

When differential inclusion (4.3) has a unique solution for every given initial

condition, both notions coincide, and we simply say in this case that S is invariant.

Due to the semigroup property in Proposition 4.4, it is immediately seen that
S is invariant iff every solution of (4.3) starting in S remains in this set for all
sufficiently small time ¢ > 0. The issue with these sets, also referred to as viable
sets for (4.3); see, [12], is to find good characterizations via explicit criteria, which
do not require an a-priori computation of the solution of (4.3). An extensive
research has been done to solve this problem for different kinds of differential
inclusions and equations ([29, 32]). Complete primal and dual characterizations
are given in [7, 8.

Theorem 4.7 provides a criterion for the invariance of closed sets satisfying the

relation

S =S5 NdomA. (4.5)

Such a property is almost necessary for the invariance of set S; indeed, it is
necessary whenever (4.3) admits strong solutions, as is the case in the finite-
dimensional setting.

We start by recalling the following lemma (see, e.g., [32, 74]), which is a

consequence of Ekeland’s Variational principle [40].

Lemma 4.6. Suppose that S is closed. Then, for any x € H and any s € 11%(x),
with 6 > 0, there exist ss € S and y € H such that

Yy —Ss € N§<85)7
ly — ss — (x — 9)|| < 26, (4.6)
|s —ss]] <6, |lz —yl <o

Lyapunov stability 69



4.3. Differential inclusions involving maximal monotone operators

In addition, if x € B(xo,0) for some xg € S and o > 0, then ss satisfies
|ss — xol| < 20+ 6. (4.7)

Theorem 4.7. Let S C H be as in (4.5) and take xo € S N domA. Assume there
are m, p > 0 such that for all x € S N domA N B(z, p)

sup min ,f(x) —x) <0. 4.8
S (6 - (48)

Then there ezists T > 0 such that the solution x(-;xo) of (4.3) satisfies
x(t;z) € S forallt €[0,T].

Consequently, if for every x € S N domA inequality (4.8) holds for some
m(z), p(x) > 0, then S is invariant for (4.3).

Proof. Fix € > 0, and let positive real numbers m, p be as in (4.8). We start by
showing that the set
K = SnNdomA N B(xg, p)

is closed and satisfies
NE(z) = N£(2) for all o € int(B(z, p)) N K. (4.9)

Suppose that x,, — z for some {z,,} C K; hence, v € SNB(zy, p) as a consequence
of (4.5). From the inequality of the current assumption one has that A(z,) N
B(0,m) # 0 for all n. Take ¥ € A(z,) N B(0, m) that we assume (w.l.o.g.) weak
converging to some z* € B(#,m). Since A is maximal monotone, it is norm-weak
upper semi-continuous, and so we get z* € A(x); that is, z € K.

Relation (4.9) follows since, for all x € K such that ||z — x| < p, one has (ecall

(4.5))

N;(Z‘) = Ng(xo,p)ﬂSﬂdomA (x)

= NgﬂdomA(‘x) =N = Ng(.f)

P
SﬁdomA(x )

Let us also observe that in view of condition (4.8), and using the Lipschitzianity
of f, there is a constant M > 0 such that

0% f(z) — (Az) N B(0,m)) © B0, M) Ve € K. (4.10)
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We choose positive numbers ¢, d and positive integer N such that

AMt < p, max{4t(M? +4M + 1)e2,2Mte '} < N,4N§ < min{t, Np, Ne},
(4.11)
and denote by 7 := {t¢, 1, ..., tx} the uniform partition of the interval [0, £]; hence,

t
d(ﬂ') = OSTiT%%x—l(tiJrl — tl) = N

We claim the existence of vectors z;, for 0 < ¢ < N, with zy = x¢, and §; € H,
yi € H, s, € K, st € H for 0 <i <N —1, such that, forall 0 <i < N —1

5 € I (2), (4.12)

yi — s € N (s4), (4.13)

20 = 8 = (i — )|l <26, (4.14)
(st,y; — s1) <0, (4.15)

s; € (f(si) — A(si)) N B(0, M), (4.16)

together with a function Z;(-), defined on [t;,t;11] and satisfying

Zi(t) = s, Y€ (titina); Zilti) = zi, Zi(tiy1) = zisa. (4.17)

We proceed by finite induction on £k =0, 1, ---, N :

The claim is true for all 0 < 7 < k when k£ = 0 : indeed, it suffices to take
20 = S0 = Yo = So = xo and z; = (t; — to)sy + 20. Then the existence of s comes
from (4.10) and the fact that sp = o € K C domA.

We suppose that the claim is true for all 0 < ¢ < k, and we shall prove it for
all 0 <17 < k+ 1; we may suppose that k < N — 1, because, for otherwise, we are
done. To proceed we first observe that the vector z;,;, which is already defined

at the induction hypothesis, satisfies
k k
l2ker = zoll < D Nzies — zll = D 1 Zitin) — Zit)|
i=0 =0

= le(tm—ti)SIII (by (4.17))

S M(thrl - to) S MT?
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Then, by choosing any element 8 € I1%(zx41), Lemma 4.6 applied with 2,

and Sy yields a pair (Sgi1,yr+1) € K X H such that

4
P
Yk+1 — Sk+1 € N (Sp+1),

| (Wrg1 = Sks1) = (Zeg1 — Spg1) || < 20,
HykJrl - Zk+1H <9,
|8%+1 — Skl <6,

|lske1 — zol| <2Mt+06 <2(0 +tM) < p (by (4.11)).

\

Next, from the current hypothesis (4.8), together with (4.9) and (4.10), we find
Spy1 € (f(sp41) — A(Sk41)) N B(O, M) such that

<yk+1 = Sk+1; SZ+1> <0. (4.18)

With this vector s;, in hand, we define the function Zj;1(-) on [ty11, tg+2) as the

unique solution of the following differential equation

Zk+1(t) = SZ+17 a.e. te [tk+1, tk+2]7

Ziy1 (tkg1) = 2
We also introduce the vector
Zrt2 i= Zp1(trr2).

So, the vectors z;, 0 <@ < k+2 and 5, € H,y; € H, s; € K, s; € H, for
0 <i < k+1, together with the functions Z;(-), for 0 < i < k + 1, accomplish

with requirements of the claim.

At this stage, based on the claim above, we introduce the continuous piecewise
linear function Z(-) defined on [0, ] as

Z(t) = Zz(t) fort € [ti,ti+1], 1=0,....N —1.
We are going to verify that
d(Z(t),K) <e forall t € [0,1], (4.19)

|s; — Z(t)|| < 2 foralli=0,..,N —1and t € [t;, t;s1], (4.20)
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where s; is defined in (4.13). Indeed, for every j =0, ..., N — 1 one has

di(Zi(ti)) = di(Zi(tj11))
< |1Zi(tja1) — 37 (since 8; € M (z) C K by (4.12))
=11 Z(t; 1) — Z;(t)I1° + 12;(t;) = 5511°

+2(Zi (1) — Z(t5), Z;(t;) — )

< (i — ) M? + (|25 = 511" + 20t 11 — 1)) (5,25 — 3;) (by (4.17))
< (tj — ) M? + die(2) + 6% (by (4.12))

+2(tj1 — ) (85,2 — 85 — (5 — 55)) +2(tj41 — t)<y7yj >/
<26M (by (4.14) and (4.16)) <0 (by (4.15))

(tjen — ) M2 + die(Z;(t5)) + 0% + 40M (tj1 — t;)

< (tjpr — ) M? + die(Z5(t) + d(m) (1 + 4M (tj11 — t5))

< di(Z(ty)) + (tir — t)d(m)(M? +4M + 1),

IA

which by summing up over j = 0,---,i — 1 (when ¢ = 1,..., N — 1), and taking

into account that xy € K, gives us

B2(Z;(t:)) < (t; — to)d(m)(M? 4+ 4M + 1) < d(m)t;(M? +4M + 1) < (4.21)

5_
4
This inequality also holds when i = 0, because d%(Zy(ty)) = d%(zo) = 0. Then,
for every i =0,..., N — 1 and t € (t;,t;41) we write
dic(Z(t)) = dic(Zi(t)) = dic(s7(t = ;) + Zi(t;)) (by (4.17))

< (IIs (¢ = )| + dic(Zi(t:)))?

< 2|l (t = ) |” + 2% (Zs(1:))

<20t —t)*M? + 2d5%(Zi(t;)) (by (4.16))

2
< 2d(m)2M? + 2% (Zi(t;)) < 2d(r)2M? + % < e, (4.22)

and (4.19) follows. As for relation (4.20), it follows from the following inequalities,
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for i = O, ,N —landte [ti,ti+1],

lsi = ZON* = llss = Z:(0)]*
< 2|lsi = Zi(t)|I” + 21 Zi(t:) — Zi(8)]®
<2(2|lsi = &l* + 218 — Zi(t)|*) + 20t — ,)*M?
<2t — ;)2 M? + 462 + 4|5 — )
< 2(t —t)*M?* + 86 + 4d3(z)
=2(t — ;)2 M? + 8% + 4d3.(Zi(t,))
< 2d(m)2M? + &% + 85 < 2% (by (4.21)).

Now, we consider the (strong) solution z(t) := z(-;z¢) of differential inclusion

(4.3), and define the absolutely continuous function 7 : [0,7] — R as

n(t) = 2(t) — a(@)II".

Let us prove that for i = 0,..., N — 1 and ¢ in a full-measure subset of [t;,¢;11] it
holds

%ﬁ(t) < (1+ 1)(t) + 2(40)? + 41=(22 + ), (4.23)

where ¢ := 7" sup;co g [|£(t) — 57| (c is finite, due to Proposition 4.4).
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Indeed, by using the Lipschitz condition of f and relation (4.20),

Silt) = (2(0) — (), 2(1) — (1)
= (57— Flsi) — (8(0) = F(e(0), Z(0) — 5.
(75 — Falt), 2(0) — (1)
F o= ) = ((0) = FC(0). 50— 2(t))

<0 (by (4.16) and tﬁg monotonicity of A)

< (57— fsi) = (@(t) = f(z(1))), Z(t) — s4)
+ (f(s:)) = f(z(1)), () (t))
< lsi=ZOI [ f(si) — 57 — f(z(t)) + 2(@)]]

+112(t) — ()|l ||f(sz) fz@)]
< 2el||si —x(t)|| + 2 ||s; — &(0)]| (by (4.20))

+ U Z(@) = z@)][ l|si — =)
< 2el([ls; = Z(O)|| + [[Z2(t) — z(O)]]) + 2 ||s] — ()]

+U1Z2@) —z@l ([[si = Z@)] + [ Z2(t) — z(2)]])
<IU||Z@t) — z(t)|]® + 4el | Z(t) — z(t)|| + 2le(2e +¢)  (by (4.20)
< (I4+D))|Z(t) — z(t)|)* + (4el)? 4 21e(2¢ + ¢)
= (I + 1)n(t) + 2(4el)? + 4le(2¢ + ¢),

and (4.23) follows. Hence, by Gronwall’s lemma (Lemma 4.1), we obtain that for
very t € [0, ],

IN

t
n(t) U(O)e(m)t + (2(4el)? + 4le(2e + ¢)) / pHD(=9) 7
0

t
= (2(4el)® + 4le(2e + ¢)) / D=9 s
0
and, consequently,
1

1Z(t) — 2(t)]| = n? (1) < (2t(4el)? + Alet(2e + ¢))? 0D

By combining this with inequality (4.19), we infer that for every ¢ € [0, ]

ds(x(t)) < di(x(t))
< dg(Z(1) +[|Z(t) — x(t)]
< (2t(4el)? + Alet(2e + c))% et 4 ¢,
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Since this inequality holds for any € > 0, and ¢ does not depend on ¢, we conclude
that x(t) € S for any ¢ € [0,¢]. The first part of the theorem is proved.

We now suppose that for any z € SN domA, there exist positive numbers m, p
(depending on z) such that inequality (4.8) holds.
Let us fix 9 € S NdomA, so that z(t;z9) € domA for every t > 0 (Proposition
4.4). From the first assertion of the theorem, there exists ¢ > 0 such that z(¢; z) €
SNdomA for any t € [0,%); moreover, since S is closed, we also have that x(¢; zq) €
SNdomA. By applying the first assertion of the current theorem, and taking into
account the semi-group property (again by Proposition 4.4), we find £ > 0 such
that for any ¢ € [0,#], one has

z(t + t;x0) = x(t; 2(t; 79)) € SN domA.

Thus, we prove that x(t;xg) € S for every t > 0.

Assume now that 2o € SN domA \ domA, and by (4.5) let (x;) C S N domA be
such that x; — z. Then, by arguing as in the last paragraph, for each k£ > 1 we
have that xy(t; xx) € S for every t > 0. But z(-; z1) converges uniformly to z(+; zo)
on each interval [0,t] (see [6-8]), and so z(-;z) also stays in S. The proof of the

theorem is complete. O

The invariance criterion of Theorem 4.7 takes a simple form when the domain
of operator A has a nonempty interior, and S C int(domA). In this case, because

A is locally bounded on int(domA), the number m is dropped from inequality
(4.8).

Corollary 4.8. Let S be a nonempty closed subset of int(domA) such that

sup  min (£, f(z) —2") <0 VxeS.

£€N§(Z) I*EA(I)

Then S is invariant for system (4.3).
The following corollary will be useful in the proof of Theorem 4.19.

Corollary 4.9. Assume that A is a monotone operator, and let S be a closed

subset of domA. Suppose that x(-) is an absolutely continuous function such that

z(t) € f(x(t)) — A(z(t)) a.e. t € 10,T),2(0) =z € S.
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If there are some numbers m,p > 0 such that

sup min  f(x) —x") <0 Vo e SN B(xg, p),
(6 ) (@0.0)

then there is some T € (0,T] such that x(t) € S for allt € [0,T%].

Proof. According to [21], there exists a maximal monotone extension of A that we
denote in the same way. By the current hypothesis, for every x € S N B(xg, p) we
have that A(xz) N B(0,m) # 0. Since x(-) is a unique solution, we apply Theorem

4.7, and the conclusion of the corollary follows. O

4.4 The existence result

In this section, we use tools from convex and variational analysis to prove the

existence of a solution for the differential inclusion (4.1),

z(t) € f(z(t)) — Ne(x(t)) ae. t>0,
x(0,20) = 9 € C,

where N¢ is the proximal, or, equivalently, the limiting, normal cone to an r-
uniformly prox-regular closed subset C' of H, and f is a Lipschitz continuous

mapping. We shall denote by x(-; ) the solution of this inclusion.

Definition 4.10. (see [63, 73]) For positive numbers r and «, a closed set S is
said to be (r, «)-prox-regular at T € S provided that one has = = Ilg(z + v), for
all z € SNB(Z,a) and all v € NE(z) such that [|v]|< 7.

The set S is r-prox-regular (resp., prox-regular) at T when it is (7, a)-prox-regular
at T for some real a > 0 (resp., for some numbers 7, > 0). The set S is said to

be r-uniformly prox-regular when a = 4o00.

It is well-known and easy to check that when S is r-uniformly prox-regular, then
for every x € S, NE(x) = N (x); thus, for such sets we will simply write Ng(z) to
refer to each one of these cones, and write Ts(z) to refer to the Bouligand tangent
cone TE(z) = (Ng(z))*.

We have the following property of r-uniformly prox-regular sets, which can be

easily checked.

Proposition 4.11. Let S be a closed subset of H. If S is r-uniformly proz-regular,
then the set-valued mapping defined by x — N§(z) N B is 2-hypomonotone.
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Before we state the main theorem of this section we give a useful

characterization of prox-regularity.

Lemma 4.12. The following statements are equivalent for every closed set C C H
and every m > 0,

(a) C is r'-uniformly prox-regular for every r’ <r,

(b) the mapping N& N B(0, m) + 2id is monotone,

(c) there exists a maximal monotone operator A defined on H such that

NE(z) N B0, m) + %x C A(x) C N&(z) + %x for every x € C.

Proof. The equivalence (a) <= (b) is given in [73, Theorem 4.1], while the
implication (¢) == (b) is immediate. Then we only have to prove that
(b) = (c). If (b) holds, we choose a maximal monotone operator A, which
extends the monotone mapping NE N B(0, m) + ~id, such that C' C domA C coC

(see, e.g., [21]). Moreover, we have that
P m P m
Ne(xz) NB(68,m) + e C A(x) C No(z) + T vz e C. (4.24)

Indeed, the first inclusion is obvious. If z € C' and £ € A(x), then for any y € C
we have 2y € A(y) (since 0 € N&(y) NB(#,m)) and, so, (£ — 2y, x —y) > 0. This
implies
(€= oy —a) <~y —al?
r r
which proves that £ — 2z € Ne(z), for every £ € A(z). Hence, A(x) C N&(x) +

D, O
.

We also need some properties of the solution of (4.1). As pointed out by one
of the reviewers, the assertions of the following lemma are very natural and may
have already appeared in the literature. For the convenience of the reader, we give

a complete proof.

Lemma 4.13. If x(-;x0) is a solution of (4.1), then for a.e. t € [0,T] we have
(@(t), f(x(t)) —@(t)) = 0, (4.25)

1F () = 2@ < 1 F @), (4.26)
@< min{[[f (O], [1f(zo)lle"}, () — ol < t]]f (o)l]e". (4.27)

Consequently, x(-;xo) is the unique solution of (4.1) on [0,T].
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Proof. Let t € (0,T] be a differentiability point of the solution z(-). Then there is
some 0 > 0 such that

(f(x(t)) — @(t), 2(s) — z(t)) < 8||z(s) — x(t)||?, for all s € [0,T],
and, so, by dividing on s — t and taking the limit as s | t we derive that

(fla(t)) —@(t),2(t)) <0.

Similarly, when s 1T t we get (f(x(t)) — @(¢),4(t)) > 0, which yields (4.25).
Since f(z(t)) — #(t) € Ne(z(t)) and @(t) € TE(z(t)), statement (4.25) means
that f(z(t)) — @(t) = Hng ) (f(2(t))) and this yields (4.26), || f(x(t)) — @(t)]| <
|| f(x(t))]| . Moreover, using (4.25), we have (for a.e. t € [0,77])

l2()|[*= (2(t), &(t)) = (2(t), f(2(t)) < e | f @@l (4.28)
which gives us ||z(¢)||< ||f(x(t))]|. Then

L la(t) — 2ol = 2(a(t) — w0,(0)) < 2llalt) - woll | F((2))]

< 2|l (t) — 2o ll(1Lf (o)l [+l (1) — ol
= 21 (o)l () — ol [+21](t) — ol .

which by Lemma 4.1 gives us

[|(t) = ol|<

WG 1) < i samiiet, (4.20)
so that, using the inequality of the middle together with (4.28),

@I < [1f @@ L (o)l [+ |(8) — ol
< I @o)ll+If (wo)l(e" = 1) = || (wo)l[e".

This proves (4.26) and (4.27).

To finish we need to check the uniqueness of the solution. Proceeding by
contradiction, we assume that y(-) is another solution on [0, 7] of (4.1). Then for
all t € [0, 7] such that [[f(z(t))[|+[|f(y(@)|[> 0 and f(y(t)) — 4(t) € Ne(y(t)) we

have
fly(®) — (@)
[ @@)+]f @]
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and similarly for x(-). Then, by the r-uniformly prox-regularity hypothesis on C,

(@(t) = g(t), x(t) —y(1)) < (H %(IIf(fv(t))|l+||f(y(t))ll)) llz(t) =y (1% (4.30)

this inequality also holds when || f(z(t))||+]| f(y(t)||= 0 as a consequence of (4.28).

By applying Gronwall’s Lemma (Lemma 4.1) with the function ||z (¢)—y(t)||?

observing that z(0) = y(0) = z, it follows that x(t) = y(t) for every t € [0,T]. O

, and

The main result is given in the following theorem, using a convex analysis
approach, while Theorem 4.15 below provides more properties of the solution,

which will be used later on.

Theorem 4.14. System (4.1) has a unique solution x(-,xq) starting at xy € C,

which 1s Lipschitz on every bounded interval.

Proof. We fix a sufficiently large m > 0 and choose a Tj > 0 such that
[1f (o) [ +L([] f (o)l | Toe ™™ + 1) < m. (4.31)

By Lemma 4.12(c) we consider a maximal monotone extension A such that, for all
x e,
m m

According to [14, 21], the differential inclusion

@(t) € f(x(t)) + Za(t) — A(z(t)), ae. te[0,Tp)

0 nec (4.33)

has a unique solution z(-) such that z(t) € domA (C o(C)) for all t € [0,Tp), as

well as (see, e.g., [7])

i

Moreover, since 2z, € A(xg) (due to (4.32)), for all ¢ € [0, Tp]

d*x(0)

dt dt

MH < rme

m m
| < P 7o) + Pl

|

i ” < B flao)l|< | o) |=

and, hence,

||z (t) — @ol|< kT, (4.34)
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[1F @< S (o)l |2(8) = wol | < [[f (o) [[+-1KTo;

in particular, x(-) is k-Lipschitz on [0, Tp].

Next, we want to show that z(t) € C for every ¢t € [0,Tp]. For this aim we
shall apply Theorem 4.7. Given y € C' N B(xo, kTo + 1) and £ € N (y), we define
2= IInoy) (f(y)) € Ne(y) (2 is well defined since N (y) is closed (and convex)).

It is easy to see that

2l[< F W< L @o)ll+ly — ol [< |[f (o) [[+1(KTo + 1) < m.

Hence, according to (4.32), we derive that y* := 2+ "y € Ne(y) NB(0, m) + 2y C
A(y), with [ly*| < = m(1 + (|0l + kTo + 1))

Now, since f(y) — z € Te(y) we obtain that (£, f(y) — z) < 0, which shows
that

v*eA(;?rfB(o,m) <§’ 1)+ PR > < (& fly) + Ty ) <0. (4.35)

Consequently, according to Theorem 4.7, there is a positive number 7" € (0, Tp)
such that z(t) € C for every ¢ € [0,T']. Moreover, due to (4.34), for all ¢ € [0, Tj]
we have that x(t) € B(xg, KTy + 1) and, so, from the argument above we infer that
z(t) € C for all t € [0,Ty]. Whence, since z(t) € C for t € [0,Tp], (4.32) implies
that

i(t) € f(a(t) + ~-a(t) — A(w(t) C f(2(t)) + Ta(t) = No(w(t) - Za(t)

= f(z(t)) — Ne(z(1));

m
r

that is, x(-) is a solution of (4.1) on [0, Tp).

Now, we set
T :=sup {T" > 0 such that system (4.1) has a solution x(-;z¢) on [0,7"]};

so, T' > 0 from the paragraph above. If T' is finite, then we take a sequence (7},)
such that 7;, T T, and denote x,(-;x¢) the corresponding solution of (4.1), which
is defined on [0, T,,]. Let function x(-; ) : [0,7) — H be defined as

x(t; o) = x,(t) if t < T,

According to Lemma 4.13 (relation (4.27)), this function is a well-defined Lipschitz

continuous function on [0, T") , with Lipschitz constant equal to || f(zo)||e'T. Thus,
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we can extend continuously function z(-; zg) to [0, T by setting x(T') := 1{7,_}7701023<Tn)
Since x(T') € C, from the first paragraph we find a 77 > 0 and a solution of (4.1)
on [0,7' 4 T}] which coincides with x(-;z¢) on [0, T, contradicting the finiteness of
T—this is to say that T' = oc. O

An immediate consequence of (the proof of) Theorem 4.14 is that the solution

of differential inclusion (4.1) satisfies the so-called semi-group property,
x(t;x(s;x0)) = x(t + s;x0) for all t,s > 0 and xy € C. (4.36)

The following theorem gathers further properties of the solution of (4.1), that we
shall use in the sequel. Relation (4.37) below on the derivative of the solution

reinforces the statement of Lemma 4.13.

Theorem 4.15. Let x(-;xg), xo € C, be the solution of (4.1). Then the following

statements hold true:

(a) For everyt >0, x(+;x¢) is right-derivable at t with

20 — (e - Ne () (4.37)
= F(t)) Dot (F(2(8)) = Mo (F(0).
|52 < mintis el sy, (439
' dJ:ZEt(t) H < ||d+§t(()) ||elt+2|\fl(:0)\|(elt_1)' (4'39)
b) The mapping t — % is right-continuous on [0,T).

(
(

c) If y(-;v0), yo € C, is the corresponding solution of (4.1), then for every
t>0

lz(t) — y()]] < llzo — yoll G+ I I ol (gie )

Proof. We fix t > 0 (we may suppose that ¢ = 0). From the argument used
in the proof of Theorem 4.14 we know that for some m > || f(zo)||+{ (I is the
Lipschitz constant of f) there exists a maximal monotone operator A such that
x(+) := x(+; xp) is the solution of the following differential inclusion on some interval
[0,6],0 >0,

m

i(t) € f(z(t)) + —-a(t) — A(z(t)), 2(0) = 2o,

82 Lyapunov stability



Differential inclusions with prox-regular sets

where r comes from the r-uniform prox-regularity of C. W.l.o.g. we may suppose
that ||f(z(¢))||4+] < m for all t € [0,0] so that (see Proposition 4.4), for every
t€10,6],

2 = (f) + Zat) - AG)) (4.40)

Since f(x(t)) € B(6,m) we have that

t

(f(x(t)) = Ne(x(1)))” =

f(z(t) - HNC i) (f(x(t)))
f(x(t)) — @nnBo.m) (f(z(t)))
= (f(z(?)) - Nc@( )) N B(O,m))°,

and, so, due to (4.40), and the inclusions (4.32):

f(x(t)) = No(x(t)) N B(0,m) C fz(t) + —-a(t) — A(z(t) C f(z(t)) — No(z(t)),

r

we get the first equality in (4.37). The other two equalities in (4.37) easily follow
from the definition of the orthogonal projection. Moreover, statement (b) is also
a consequence of Proposition 4.4. Thus, (4.37) follows from Lemma 4.13. Finally,
(4.39) and statement (c) follow easily using relation (4.30) (and Lemma 4.1). [

The main idea behind the previous existence theorems, Theorems 4.14 and 4.15,
as well as the forthcoming results on Lyapunov stability in the next section, is that
differential inclusion (4.1) is in some sense equivalent to a differential inclusion
governed by a (Lipschitz continuous perturbation of a) maximal monotone
operator. This fact is highlighted in the following corollary. Recall, by Lemma
4.12(c), that for every m > 0 the r-uniformly prox-regularity of the set C' yields

the existence of a maximal monotone operator Ac such that

Ne(z) NB(0,m) + %x C Ac(z) C Ne(z) + %x for every x € C. (4.41)

Corollary 4.16. An absolutely continuous function x(t) is a solution of (4.1) on
[0,T7]; that is,

(1) € f(2(t)) — Ne(z(t)) ae. t € [0,T]
JI(O) =g € C,

if and only if it is (the unique) solution of the following differential inclusion, for
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some m > 0,

o(t) € fz(t) + 2a(t) — Ac(x(t)) a.e. t €[0,T]
z(0) = x¢ € C,

(DIM)

where the mazimal monotone operator Ac : H = H is defined in (4.41).

Proof. According to Theorems 4.14 and 4.15 (namely, (4.38)), differential inclusion
(101) has a unique (absolutely continuous) solution z(t) := x(t; xo) which satisfies

H%Hg || £ (z0)||e!T for a.e. t € [0,T]. Then, we find an m > 0 such that

i(t) € f(x(t)) — Ne(x(t)) N B(0,m),

and, so, by the definition of Ax above (see (4.41)) we conclude that x(t) is also
the solution of differential inclusion (DIM).

Conversely, if z(t) is a solution of differential inclusion (DIM) for some m > 0,
then, as it follows from the proof of Theorem 4.14, we get that x(t) € C for all
t € [0, 7o) for some Ty > 0. Hence, once again by (4.41), we conclude that z(t) is
also a solution of (101) on [0, 7p]. Taking into account Lemma 4.14 we show, also
as in the proof of Theorem 4.14, that T can be taken to be T O]

4.5 Lyapunov stability analysis

In this section, we give explicit characterizations for lower semi-continuous a-
Lyapunov pairs, Lyapunov functions, and invariant sets associated to differential
inclusion (4.1). Recall that z(-; ) (or x(-), when any confusion is excluded) refers

to the unique solution of (4.1), which satisfies z(0; zo) = .

Definition 4.17. Let functions V,W : H — R be lower semi-continuous, with
W >0, and let an a > 0. We say that (V, W) is (or forms) an a-Lyapunov pair
for differential inclusion (4.1) if, for all 2y € C,

eV (z(t; 20)) + /Ot W (x(1;20))dT < V(xg) for all £ > 0. (4.42)

In particular, if a = 0, we say that (VW) is a Lyapunov pair. If, in addition,
W =0, then V is said to be a Lyapunov function.
A closed set S C C is said to be invariant for (4.1) if the function dg is a

Lyapunov function.
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Equivalently, using (4.36), it is not difficult to show that a-Lyapunov pairs are
those pairs of functions V, W : H — R such that the mapping ¢t — e®V (x(t; 70)) +
fot W (x(7, x))dr is nonincreasing. In other words (see, e.g. [7, Proposition 3.2]),
for any xy € C, there exists ¢t > 0 such that

eV (x(s;x0)) + /05 W (x(;20))dr < V(xo) for all s € 0,1]. (4.43)

The failure of regularity in our Lyapunov candidate-like pairs is mainly carried
out by the function V', since the function W can be always regularized to a Lipschitz
continuous function on every bounded subset of H as the following lemma shows
(see, e.g., [29]).

Lemma 4.18. Let V., W and a be as in Definition 4.17. Then there exists a
sequence of lower semi-continuous functions Wy : H — R, k > 1, converging
pointwisely to W (for instance, Wy, /W) such that Wy, is Lipschitz continuous

on every bounded subset of H. Consequently, (V, W) forms an a-Lyapunov pair for
(4.1) if and only if each (V,Wy) does.

Now, we give the main theorem of this section, which characterizes lower semi-

continuous a-Lyapunov pairs associated to differential inclusion (4.1).

Theorem 4.19. Let functions V,W : H — R be lower semi-continuous, with
W >0 and domV C C, a > 0, and let xo € domV'. If there is p > 0 such that, for
any x € B<x07 p)7

su min N4 aV(z)+ W(x) <0, 4.44
SIP e eNo@ (e (5 f(x) —a%) () + W(z) < (4.44)

then there is some T* > 0 such that
t
eV (x(t; z0)) +/ W (z(1;x0))dT < V(x0) Vt €[0,T7].
0

Consequently, the following statements are equivalent provided that either 0 = Op
or 0 =0p:

(i) (V,W) is an a-Lyapunov pair for (4.1);

(13) for every x € domV and & € OV (x);

(€, (f(z) = No(2))%) +aV(x) + W(z) <0;
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(7it) for every x € domV and £ € OV (x);

min f(x) —a") +aV(x) + W(x) <O0;
x*GNc(fE)ﬂB(Gva(fE)ll)@ f( ) > ( ) ( )

(i) for every x € domV;
V'(z; (f(x) = No(2))°) + aV(z) + W(z) < 0;
(v) for every x € domV;

V'(z; f(z) —2*) + aV(x) + W(x) <O.

inf
z*E€Ng (z)NB(0,|| £ (z)]])

Moreover, when H is finite-dimensional, all the statements above except (ii) are

equivalent when 0 = Oy,

Proof. Let us start with the first part of the theorem. We choose T > 0 such that

7| f(x)lle” < £,
and put

k= 2max{]|f (zo)l|e", [|f (wo) [ +HITe™ || f (o) +1 + 1};

k
m =k + —(llzol[+0).

Thanks to Lemma 4.18 we shall assume in what follows that W is Lipschitz
continuous on B(zg, p). As before we denote z(-) the solution of (4.1) on [0, 7]
satisfying z(0) = xy. According to Theorem 4.15, for a.e. ¢ € [0,7] we have
[|2(t)||< ||f(z(t))|| and, due to the [-Lipschitzianity of f,

2|[f (@) < 2[[f (o) [[+21]]x(£) — o]
< 2max{]||f (zo)[le", || f (xo) [T e[| f(zo)l| 41 + 1} = k;

that is, #(t) € f(z(t))—(Ne(x(t)) N B(6,k)) . Hence, if A : H = H is the monotone

operator defined as

Alz) = Ne(z) NB(6, k) + 2z ifz € C,

0 otherwise,

then it is immediately seen that z(-) is also the unique solution of the following
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differential inclusion,

z(t) € f(z(t)) + %I(t) — A(z(t)) ae. t€]0,T],
z(0) = o,

where r comes from the r-uniform prox-regularity of the set C. We introduce
now the monotone operator A:HxR* = H x R* and the [-Lipschitz function
f:HxR*— H x R?* defined as

Az, 1) = (A(z),0s) and f(z, p) == (f(z) + ;[E, 1,0,1,0),

and consider the associated differential inclusion

9(t) € fly(t) — A(y(t)), ae. t €[0,T]

4.45
y(0) = (o, po) € C x RY, ( )

whose unique solution is given by y(t) := (z(t),t,0,¢,0) + (0, o) C C x R*. We

define the lower semi-continuous functions V,, : H x R® - R, n > 1, as

Vil a,8,7) = €V (&) + (o — Bgule) + 5 — B,

where g, is an {-Lipschitz extension of the (Lipschitz) function W (z(-)) — £ from
[0,7] to [-1,T + 1]; hence,

dogn(a) C B(6,1') for all a € [0,T + 1].

Observe that epiV,, C domA and, for every (z,«,3,v) € domV,, we have that
OpooVu(z, 0, B,77) C (e"0pV (2),0,0,0) and

OpVu(x, a, ,7) C (e70pV (2), gn(a), —gn(a), ae™V (z))
+ (0, (a = B)dogn(a) + I'(a = B), (B — ),0). (4.46)

At this step, we pick ¢ € [0,T) and fix n > 1 such that 1 < 2.
We denote yo = (x(t),t,,0,V,(z(t),t,t,0)), and choose € > 0 such that (recall
that W is Lipschitz continuous on B(x, p))

/ -1
gn(a) + 2l — |- W (') < P (4.47)
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for any (v/, 1) := (o', o/, 8", i') € Uz := B (yo,€) NepiV,,. Take vectors (y, p) :=
(z,a,8,7,1) € Uz and € € NLiy, (y,1). Then € domV C C and (recall Lemma
4.13 (relation (4.27)))

lle = o|< [lo — 2@+l (t) — wol|< € + [1f (o) | T < p;

hence, x € domV N int(B(zo, p)) and

1@< 1 @o)l[ -+l — ol < || (o) [+1(1 + ||.f (o) || Te™) <

DO | T

?

thus,

f(@) = (No(x) NB(O, [[f(2)]])) € f(z) = (Ne(z) NB(0, k) = f(z) + . A(z).

(4.48)
Also, we have that £ € priVn (y, Va(y)) (see, e.g., [29, Exercise 2.1]) and, so, due
to relation (4.46), either

§=1(e8, gn(@) + (@ = B) (s + 1), —gn(a) + I'(8 — @), ac”V(z),-1), (4.49)

for some & € 0pV (z),s € Ocgn(a) and ¢ > 0, or

€ =1(e7¢,,0) (4.50)

with 52 € 8}3700‘/(.1‘)

If (4.49) holds, by the current assumption, there exists an z* € Ng(z) N
B(#,||f(x)||) such that

(&, f(x) — 2*) + aV (z) + W(z) < 0.

Hence, due to (4.48), y* :

= (2" + %2,0ps) belongs to A(y, 1) N B(0,m) (since
ll2* + Ex||< (|| +Fll=]|< §

+ §(||930||+P) < m), and satisfies

(& Sy ) —y") = ({6, f2) = 2) + gula) + (@ = B)(< + 1) + aeV (x))
= 1" (&1, f(x) = 2") + aV (z) + W(z))
+ o (gn(@) + (@ = B) (s +1') — e W(x))
< t(gnla) + 2o — B]—e""W (z))

< ——<0
on —
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where in the last inequality we used (4.47).

We now consider the case when ¢ satisfies (4.50). Let sequences xj A T, U €
OpV (zx) and oy — 0T be such that agy, — & (see [64, Lemma 2.37]). Since
x € intB(xg, p), we may assume that x; € B(xg, p) N domV for all k =1,2,... By
hypothesis, for every k, there exists xj € Ne(xg) N B(0, || f(x)||) such that

Since f is Lipschitz, the sequence (z}) is bounded and we may suppose (w.l.0.g.)
that it weakly converges to some xz* € N (z) N B(0, || f(x)]]), due to the r-uniform
prox-regularity of C. Consequently, by multiplying the last inequality above by ay
and next passing to the limit on k£ we obtain (&, f(z) — 2*) <O0.

Hence, the vector z* := (2* 4%z, Oga) belongs to A(y, 1)NB(Opxrs , m) and satisfies

<€7 f(yalu)_Z*> = L<(€a7€2a0707070)7 (f(ilf)—l'*, 1707 170» = [”ea’y<£27f(x)_x*> S 0.

Consequently, according to Corollary 4.9, there is a T > 0 such that the solution
of (4.45) on [0, Tp] starting at (x(t),t,t,0,V(z(t))), which is given by y(s) = (z(s+
t),s+t,t s, V(x(t))), lies in epiV,; that is, for every s € [0, 1],

/

Va(z(s+1t), s+t t,s) =eV(x(t+s)) + sga(s+1)+ %s2 < V(x(t)),
implying that, .
eV(x(t+s)) + /0 gn(t +7)dT < V(2(t)). (4.51)

We claim that

s 2
eVi(x(t+s)) —I—/ gn(t+7)dT < V(z(t)) + Eemax{l’“}s Vs e [0, T —t]. (4.52)
0

Indeed, if
T* := sup{T" > 0, such that (4.52) holds on [0, 7]},

then from (4.51) we have that T* > Ty > 0, while the lower semi-continuous of V'
and the continuity of g,, yield that (4.52) also holds at T*. If T* < T'—t, by (4.51)
there exits d > 0 such that for all s € [0, J]

eV(z(t+T"+s)) + /S gt + T +7)dr < V(z(t+T7)).
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Therefore, for all s € [0, §] we obtain
. T*+s
AT (3t 4 T + 5)) +/ gn(t + 7)dr
0
. S T
< T <V(:)3(t +T%)) — / gn(t+T" 4+ T)dT) +/ gn(t + 7)dr
0 0
+ / gn(t+ T+ 7)dr
0
2 X X §
< V(x(t)) + —emetbatT™ 4 (] — ol )/ Gu(t +T* + 7)d7
n 0

2 . 20(e*T" — 1 9 .
< V(z(t)) + Z emax{l,a}T* | M < V(z(t)) + 2 pmax{1La}(T +s)’
n n n

where in the last inequality we used the fact that 1 + X < e* for all A > 0. This
contradicts the definition of 7%, and so (4.52) holds true; that is (evaluating at
t =0), for all s € [0,T]

’ 2
eV (z / W (x T—— = eV (x(s ))+/ gn(T)dr <V (o) + —emtiel,
0

hence, as n goes to oo, we get eV (z(s))+ [, W (z(r))dr < V(o) for all s € [0, T7,
and the first part of the theorem is proved.

We turn now to the second part of the theorem. Implications (iv) = (v) and
(i1) = (4ii) follow from the relation (f(z) —Ne¢(2))° = f(x) —Une @) (f(2)), v € C,
and the fact that ||TIx, @ (f(2)|| < [ f(2)

(1) = (iv). Assuming that (V, W) is an a-Lyapunov pair, for any z, € domV
and t > 0 the solution z(-) = z(-; z() satisfies

0>t (V(z(t) — Vi(zg)) +t (e — 1)V (x(t)) +/0 t W (x(r))dr.  (4.53)

Thus, observing that = ()_xo — [f(zo) — Neo(z0)]° (recall Theorem 4.15(a)), and

using the lower Seml—contlnuous of V and W, as t | 0 in the last inequality we get

o o V(zg +tw) —V(x
V'(wo, (f(x0) = Ne(r0))) = liminf (o t> (o)
w—(f(zg)—Ngo(z))°

glixgénft’l(‘/(:c(t)) V(o)) < —aV (xo) — Wi(xo).

(v) = (i7) and (v) = (4i7), when 0 = Op or 0 = Op. These implications follow
due to the relation (&,v) < V'(z,v) for all £ € pV (z), v € domV, and v € H.
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(74i) = (7) is an immediate consequence of the first part of the theorem together
with (4.43).

Finally, to prove the last statement of the theorem when 0 = 0, in the finite-
dimensional case, we first check that (i) == (iii). Assume that (i) holds and
take x € domV together with £ € 9,V (z), and let sequences z %o together
with & € 0pV (xy) such that & — £. Since (7i7) holds for 0 = Op, for each k there
exists zy € Ne(xk) N B(O, || f(zx)]]) such that

(&, [ (k) — z) + aV (i) + W(zg) < 0.

We may assume that () converges to some x* € No(z) NB(0, || f(x)]|) (thanks to
the r-uniform prox-regularity of C'), which then satisfies (&, f(z) — *) + aV (z) +
W (z) < 0 (using the lower semi-continuous of the involved functions), showing that
(77) holds. Thus, since (éi7) (with 0 = dp) = (i), we deduce that (i) <= (iii).

This suffices to get the conclusion of the theorem. m

Because the solution z(-) of differential inclusion (4.1) naturally lives in C, it
is immediate that a (lower semi-continuous) function V : H — R is Lyapunov for
(4.1) iff the function V' + I is Lyapunov. Hence, Theorem 4.19 also provides the
characterization of Lyapunov functions without any restriction on their domains;
for instance, accordingly to Theorem 4.19(#i7), V' is Lyapunov for (4.1) iff for every
z € domV NC and £ € 9(V + 1¢)(x) it holds

x*eNc<x§2113r<le,|\f<x>\|><5’ fl@) =) +aVie) + Wie) <0
The point here is that this condition is not completely written by means exclusively
of the subdifferential of V. Nevertheless, this condition becomes more explicit in
each time one can decompose the subdifferential set (V' + I¢)(x). For instance,
this is the case, if V' is locally Lipschitz and lower regular (particularly convex, see
[64, Definition 1.91]). This fact is considered in Corollary 4.21 below. However,
the following example shows that we can not get rid of the condition domV C C,

in general.

Remark 4.20. We consider the differential inclusion (4.1) in R? with C := B
and f(z,y) = (—y,z), whose unique solution such that z(0) = (1,0) is z(t) =
(cost,sint). We take V = Ig, where

S:={(1,y):y€0,1]},
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so that domV N C = {(1,0)}. For 7 := (1,0) and & = (z,y) € 0pV(T) =
{(z,y)] vy <0} we have that

(€ f(@) —a") < (& F(@)) = {(z,9),(0,1)) =y <0,

min
z*ENc (z)NB(0,]| f(z])

which shows that condition (ii7) of Theorem 4.19 holds. However, it is clear that

V is not a Lyapunov function of (4.1).

Corollary 4.21. Let V, W and a be as in Theorem 4.19. Then the following
assertions hold:

(1) If V' is Fréchet differentiable on domV N C, then (V,W) is an a-Lyapunov
pair of differential inclusion (4.1) iff for every x € domV NC

(VV(2), (f(x) = No(2))°) + aV(z) + W(x) < 0.

(ii) If V' is locally Lipschitz on domV N C, then (V,W) is an a-Lyapunov pair
for differential inclusion (4.1) if for every x € domV N C

(€, (f(z) = No(2))%) + aV(x) + W(z) <0 V¢ € 0LV (x).

(iii) If H is of finite dimension and V' is reqular and locally Lipschitz on domV N
C, then (V,W) is an a-Lyapunov pair for differential inclusion (4.1) iff for every
r € domV NC,

€&, (f(x) = Ne(x)?) +aV(z)+ W(x) <0 VE €IV (x).

Proof. (i). Since z(t) € C for every t > 0, we have that (V,W) forms an a-
Lyapunov pair for (4.1) iff the pair (V +1¢, W) does. Thus, since 0p(V +1¢)(x) =
VV(z) + N¢(z) for every € domV N C, according to Proposition 1.107 in [64],
Theorem 4.19 ensures that (V,W) is an a-Lyapunov pair of (4.1) iff for every
z € domV NC and £ € No(z)

(VV(2) + € (f(z) — No(2))®) + aV(x) + W(z) < 0. (4.54)

Because 0 € N¢(z) and (f(z) — Neo(x))° € TE(z) = (Neo(x))*, it follow that this
last inequality is equivalent to (VV(x), (f(z) — Ne(z))°) + aV (z) + W (z) < 0.

(74). Under the current assumption, for every x € V N C we have that 0. (V +
Io)(x) € 0LV (z) + Ne(z), and we argue as in the proof of statement (7).

(732). In this case, we argue as above but using the relation d;(V + I¢)(z) =
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It the result below, Theorem 4.19 is rewritten in order to characterize invariant
sets associated to differential inclusion (4.1) (see Definition 4.5). Criterion (iii)

below is of the same nature as the one used in [33].

Theorem 4.22. Given a closed set S C C we denote by Ng either N§ or N§,| and
by Ts either TE, T¥, coT¥, or (Ng)*. Then S is an invariant set for (4.1) iff one
of the following equivalent statements hold:

(i) (f(x) — Ne(2))® € Ts(x) Vo € 5;

(i) [f(x) — Ne(2)] 0 Ts(z) N B, |f(@)]]) £ 0 Va € S;

iii in 2 <0 Vo e S VE € Nu(o),
() ctro-nomeanson'™ ™ § € Ns(z)

Proof. Under the invariance of S we write (recall Theorem 4.15)
., dtx(0;x) . x(t)—=x
() = Nofa))y = = < tim 02 e 18()
showing that (i) with Tg(z) = TE(z) holds. The rest of the implications follows
by applying Theorem 4.19 with the use of the following equalities

Tg(x) C Tg(x) C @(T§(x)) € (Ng(2))* € (Ng(2))", = € S,

where the star in the superscript refers to the dual cone. O

4.6 Stability and observer designs

In this section, we give an application of the results developed in the previous
sections, to study the stability and observer design for Lur’e systems involving
nonmonotone set-valued nonlinearities. The state of the system is constrained to
evolve inside a time-independent prox-regular set. More precisely, let us consider

the following problem

&(t) = Az(t) + Bu(t), a.e. t € [0,00), (4.55a)
y(t) = Dx(t), Vt > 0, (4.55Db)
u(t) € =Ng(y(t)) V t >0, (4.55¢)
2(0) = 29 € D71(S); (4.55d)

where z(t) € R", A € R™" B € R D € R>*" | <n,and S C R'is a uniformly-

prox-regular set.
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Using (4.55b) and (4.55¢), and putting the resulting equation in (4.55a), we get

the following differential inclusion
i(t) € Ax(t) — BNg(Dz(t)) a.e. t € [0,00),2(0) = 29 € D(S). (4.56)

It is well-known that if D : R® — R™ is a linear mapping and S is a convex subset
of R™, then the set
D YS) :={r €R": D(z) e S}

is always convex. This fails when S is prox-regular (see Example 2 in [4] for a
counterexample). The following lemma provides a sufficient condition to ensure
that D~1(S) is still prox-regular.

Lemma 4.23 ([78]). Consider a nonempty, closed, r-proz-reqular set S such that

S is contained in the range space of a linear mapping D : R" — R!. Then the

+
set DY(S) is r'-uniformly prox-regular with r' := “TgﬁQ , where 0, denote the least

positive singular value of the matrix D.

The following proposition shows that system (4.55), or equivalently (4.56), can

be transformed into a differential inclusion of the form (4.1).

Proposition 4.24. Let us consider system (4.55). Assume that S is contained in
the range space of D and there exists a symmetric positive definite matriz P such
that PB = DT. Then every solution of (4.55) is also a solution of the following
system

2(t) € f(2(t)) — Ngi(2(t)), ae. t>0,2(0) € 5,

with z(t) = P2a(t), f = P AP~% and ' = (DP~2)7(S).
Proof. We set R := Pz, According to Lemma 4.23, the set S’ is r’-uniformly prox-
+

regular with r’ := &—ﬁ]ﬁz. Combining this with the basic chain rule (see Theorem
10.6, [76]), for any x € R™, one has

(DR™Y)'Ng(DR 'z) = (DR ")"0ls(DR'z) C 9(Is o (DR™))(x)
= 015/(35) = NS/(:B).
By the hypothesis PB = CT, we deduce that DR™' = (RB)*. From the above
inclusion, it is easy to see that for a.e. t > 0, one has

#(t) € RAR ' 2(t) — RBNg(DR *2(t))

(4.57)
= RAR'2(t) — (DR Ng(DR'2(t)) € RAR'2(t) — Ng/(2(2)).
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The proof of Proposition 4.24 is thereby completed. O]

The above Proposition proves that under some assumptions, system (4.55) can
be studied within the framework of (4.1). Let us now investigate the asymptotic

stability of differential inclusion (4.1)

x(t) € f(z(t)) — Ne(x(t)) ae. t>0,
z(0;20) = 0 € C,

at the equilibrium point 0, with the assumption 0 € C' and f(0) =
Recall that the set C' is an r-uniformaly prox-regular set (r > 0), and that f is a
Lipschitz continuous mapping with Lipschitz constant L.

We have the following result which provides a partial extension of [78, Theorem

3.2] (here, we are considering the case where the set C' is time-independent).
Theorem 4.25. Assume that 0 € C, f(0) = 6. If there exist ¢,0 > 0 such that
(z, f(z)) + d||z|]|°’< 0 Vor € CNB(b,e). (4.58)

Then
1tlirn x(t,20) =0 for all o € int(B(H, min{rél—* })) N C.
— 00

Proof. We shall verify that the (lower semi-continuous proper) function V' : H —
R U {+0o0}, defined by V(z) := 3||z|[*+Ic(x), satisfies the assumption of Theorem
4.19 (when W = 0 and a = §). We fix n € (0,min{réL7",e}), x € B(d,n) N C
and § € 0pV (x) C x+ Ne(z) ([32, Ch. 1, Proposition 2.11]); hence, since (f(z) —
Ne(2))® = Hrg@) (f(x)) € Te(z) we obtain

(€ (f(x) = No(2))") < (2, (f(2) = Ne(2))") = (@, f(2) = e @ (f (),
so that, by (4.58),
(€ (f(z) = Ne(2))”) < =@, g @ (f(2)) — 20V (). (4.59)

Moreover, because Iy, ) (f(z)) € Ne(x) and 6 € C, from the r-uniformaly prox-

regularity of the set C' we have

(oo (@), —a) < 11
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and we get, using (4.59),

(€ f(x) = xp@(f(2) + 0V (2) = (& (f(2) = Ne(x))”) + 6V (z)
< (IS @) = 0V ().

But, by the choice of n we have || f(z)|| = || f(z) — fO)|| < ||z| < Ln < rd, and
S0,

(&, f(x) — Uxp@ (f(2))) + 6V (2) <O0.

Consequently, observing that Iy, ) (f(x)) € Ne(z) N B(O, || f(2)]|), by Theorem
4.19 we deduce that for every xy € C'Nint(B(6, 7)), there exists ¢ty > 0 such that

eV (a(ts70)) < V(o) Yt € [0, o)

hence, in particular, 1||z(t; z0)|[*< 1||zo||* and z(to; o) € C N int(B(6,n)). This

proves that
to == sup {t > 0| "V (x(s;20)) < V() Vs € [0,t]} = +o0,
and we conclude that
MV (2(t; 20)) < V(xg) VE >0,

which leads us to the desired conclusion. O

Corollary 4.26. Let us consider system (4.55). Assume that S is uniformly proz-
reqular set such that S is contained in the rank of D. If there exists a symmetric

positive definite matriz P and 6 > 0 such that
ATP+4+ PA< —6P, PB= D", (4.60)

then
ltlim z(t;zo) =0 for all xoy € int(B(6, p)) NS,
— 00

where p := (2||[R7Y| |[|[DR™|| [|[RAR™|) 110} -

Proof. Firstly we will show that for any z € R", one has

J
(RAR 'z, z) + §H£L’H2§ 0.
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Indeed, by the first inequality of (4.60), for every x € R™, one has
(ATP+ PA+6P)x,z) = (ATR?* + RPA+ Rz, 2) < 0.
Since R is positive definite, for any z = R~'x, one has

0> ((ATP+PA+6P)R 'z, R 'z) = ((ATR+ PAR™' + 6R)z, R 'x) (461)
(RTATR+ RAR ™' + 61,)z,2) = 2(RAR 'z, z) + 6| |z|%. '

Applying Theorem 4.25 to system (4.57) with f = RAR™',C = 5", r =1/, we get

tliglo Z(ta ZO) = 07

for every zy € int[B(6, £||R"*AR||"'r'6)] N S’. Combining this with the fact that
z(t) = R7'2(t), the conclusion of Corollary 4.26 follows because

1
> = Rz € int (B(o, §||R’1ARH’17”’5)>,

for any z € int[B(0, p)]. O

Next let us remind the Luenberger-like observer associated to differential
inclusion (4.55). Given xy € D7!(S), we assume that the output equation

associated with differential inclusion (4.55) is

where G € RP*" with p < n.
The Luenberger-like observer associated to differential inclusion (4.55) has the

following form

(1) = (A — LG)&(t) + Ly(t) + Ba(t), (4.62a)
y(t) = Da(t), (4.62b)
a(t) € =Ns(9(1)), (4.62¢)
#(0) = 2, (4.62d)

where L € R™? is the observer gain. This differential inclusion always has a

unique solution, denoted by Z(+;zp). We want to find the gain L for the basic
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observer such that
lim ||2(t; 20) —x(t; 20)||= 0, for all zy € B(zg, p)ND(S) for some p > 0. (4.63)

t—o00

We see that if 2(-) := Z(+; z0) is the solution of (4.62), then it is also the solution

of the differential inclusion
z(t) € (A — LG)i(t) + Ly(t) — BNg(Di(t)) a.e.t > 0, #(0) = 2. (4.64)
Under the hypothesis
3 P symmetric positive definite, such that PB = D7, (4.65)
similarly to the proof of Proposition 4.24, we have
i(t) € (RAR™* — RLG")A(t) + RLG'2(t) — I (4(1)),

where G'™1, 2(t) := Ri(t; z9) and z(t) = Rx(t; o), S™1)71(S).
On the other hand, one has

IRIITHI2() = =@ON< [12(8) — a@II< [[RTH12(8) — 2],
which means that ||2(t) — z(t)||— 0 as t — oo if and only if ||2(¢) — x(t)|| does.
Next, we investigate a general Luenberger-like observer associated to our

differential inclusion (4.1). Following the same idea as above, we assume that

xo € C' and the output equation associated with differential inclusion (4.1) is

y(t) = G(z(t; 20)),

where G : H — H is a Lipschitz mapping. We want to find a Lipschitz mapping
L : H — H such that the solution #(-; zg) of the differential inclusion

2(t) € F(2(1) — L(G(2(1) + L(y(t)) — Ne(2(t))  ae t>0
i’(O) =2y € C,

(4.66)

satisfies, for some p > 0,

lim ||2(t; z0) — x(t; 20)||= 0, for all zy € B(xg,p) N C.

t—o00
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To solve this problem we consider the Lipschitz mapping f : H x H — H x H,
defined as

few) = (£() = £G() + £G(@)), f()), (467)

together with the set S := C' x C; hence, N(x,y) = Ne(z) x Ne(y), for every
(x,y) € S, so that S is also an r-uniformly prox-regular set. Consequently, we
easily check that y(t) := (Z(t; 20), x(t; xo)) is the unique solution of the differential

inclusion

y(t) € f(y(t)) — Ng(y(t)) a.e. t >0, y(0) = (20, 70) € S.

We have the following result, which extends [78, Proposition 3.5] in the case where

the set C' does not depend on the time variable.

Theorem 4.27. Fiz (2, x9) € CXC and assume that the solution of (4.1), z(t; zo),
is bounded, say ||z(t; xo)||< m for allt > 0. If M := sup{||f(z)||, x € B(6,m)}, we
choose a Lipschitz continuous mapping L together with positive numbers d,e,m > 0
such that e < or — M, n < (61)7'e, and

lz—yl|<3n, z,y e H = ||L(C(z)) — LIC(y))| <, (4.68)
at the same time as, for all x,y € B(0, m + 3n),
(@ =y, (f =LoG)(x) — (f = LoC)(y)) < —d[lx —yl]*. (4.69)

Then for every zy € B(xg,n) we have that

—(6— 1VI+5)

T

12t 20) — (B 2o)[|< e 2|20 — ol

and, consequently,
||Z(t; 20) — x(t; 20)|| = 0 as t — +o0.
Proof. For every z,y € B(#, m + 3n) N C such that ||z — y||< 31 we have that
max{|| £ ()1, 17 )1} < M + 30l < M+ -

1£(G(2)) — L(G(y))|I< e
We consider the (C’l_) function V' : H x H — R defined as V(z,y) := %HZ _ sz_
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If 8 :=6 — 2= then by definition (4.67), we obtain

(V'(z,9), (f(z,y) = Ns(z,9))°) + BV (2,y)
=(z—y, f(2) = L(G(2)) + L(G(y)) — TIne(x) (f(2) = L(G(2)) + L(G(y))))

) —
+ (=2, f(y) = Oxewy (f()) +§||Z—y||2
=(z—y, f(2) = fly) = L(G(2)) + L(G(¥))) + (z — ¥, Unow) ([ (9)))
— (2 =y, ne (o) (f(2) = L(G(2)) + L(G(y)))) + g!lz —y|%.

—

Since Iy ) (f(y)) € Ne(y) and [[Txe) (f ()] < I/ ()], and similarly for
Hnee) (f(2) = £(G(2)) + L(G(y))), the last equality yields

(V'(z,9), (f(2,y) — Na(2,9))°) + BV (2,9)
£ ()]l

< (2 =u () = fly) = £(G() + LGW)) + =5 1z =yl
L () = £(6(2)) +£(9’(y))HHZ

2r

R PR
which by assumptions (4.68) and (4.69) gives us

<V/(Za y)7 (f(z>y) - NS(Z>y>)O> + BV(Z>y)

<(z—y, f(2) = fly) = L(G(2)) + L(G(y))) +
N 1£(G(2)) — L(G(y)

Hf(z)llg;llf(y)\l 12—yl

| B
1z = ylP+3 = — ol

2r
< (2. 1)~ ) — LG + LGN + T gt D))z -y
< —dllz ol P24 Dy - i< (4.70)

Now we choose zy € B(zg,n) N C, so that
B(20,m) xB(wo,n) C [B(6, m+3n) xB(0, m+3n)|0{(z,y) € HxH : ||z—y|[< 3n}.

Then, thanks to (4.70), we can apply Corollary 4.21(7) to find some 5 > 0 such
that for every ¢ € [0, to]

MV (@(t; 20), 2(t; 20)) < V (20, %0);
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that is,

. —t
||2(t; 20) — 2(t; 20)||< €72 [|20 — @0

Moreover, since ||Z(to; 2z0) — x(to; z0)||< 1 and & (to; 20) € B(6, m +2n) N C, we can
also find ¢; > 0 such that for any ¢ € [0, 4]

. =Bt
|E(t + to; 20) — x(t +to; x0)|| < €72 [|2(to; 20) — @(to; o)

—Bt  —Btg —B(t+tg)
< eze 2 [z —woll=e 7 |20 — @ol|-

Consequently, we deduce that for every ¢t > 0
A =Bt
[12(8; 20) — 2(t; 2o)[|< €72 [[20 — o[,

which completes the proof. O

To close this section we consider the special case of linear Luenberger-like ,
where the assumption of Theorem 4.27 takes a simpler form. In this case (4.66) is

written as

z(t) € (A — LG)Z(t) + LGx(t) — Ne(@(t)) ae. t>0
CE’(O) =zp € O

where A, L,G : H — H are linear continuous mappings; A* and G* will denote
the corresponding adjoints mappings. Assume that x(-) := z(-;x¢), xo € C, is the

solution of (4.1) (corresponding to f = A).

Corollary 4.28. Fiz (z9,z9) € C x C and assume that the solution of (4.1)
(corresponding to f = A), x(t;xy), is bounded, say ||z(t;xo)||< m for all t > 0.
Let 6,e,p > 0 be such that

1
rt(m||f||+e) < 6, and §(A + A") — pG*G < —did.

If L := pG*, n:= min{(6||A||) "¢, (3||LG||)te},and 8 := § — r~*(m]||A||+€), then
for every zo € B(xg,n) we have that, for all t > 0,

N =Bt
[12(t; 20) = x(; 20)[|< €72 |20 — o]

Proof. The proof is similar as the one of Theorem 4.27, by observing that for every
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xr € H, we have

(x,(A— LG)x) + (x, (A* — G*L*):c)‘

(x,(A— LG)x) = 5

4.7 Concluding remarks

In this paper, we proved that a differential variational inequality involving a prox-
regular set can be equivalently written as a differential inclusion governed by a
maximal monotone operator. Therefore, the existence result and the stability
analysis can be conducted in a classical way. We also give a characterization
of lower semi-continuous a-Lyapunov pairs and functions. An application to a
Luenberger-like observer is proposed. These new results will open new perspectives
from both the numerical and applications points of view. An other interesting
problem dealing with sweeping processes was introduced by J.J. Moreau in the
seventies, which is of a great interest in applications. This problem is obtained by
replacing the fixed set C' by a moving set C(t), t € [0,7]. It will be interesting to
extend the ideas developed in this current work to the sweeping process involving
prox-regular sets. Many other issues require further investigation including the
study of numerical methods for problem (4.1) and the extension to second-order
dynamical systems. This is out of the scope of the present paper and will be the

subject of a future project of research.
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Chapter 5

Lyapunov stability of differential
inclusions with Lipschitz Cusco
perturbations of maximal

monotone operators

We characterize weak and strong invariant closed sets with respect to differential
inclusions given in R™ and governed by Lipschitz Cusco perturbations of maximal
monotone operators. Correspondingly, we provide different characterizations for
Lyapunov functions and pairs for such differential inclusions. Our criteria of
invariance and Lyapunov functions/pairs only depend on the data of the system
and the geometry of the involved candidates for invariant sets and Lyapunov
functions, and thus, no need to explicit calculus of the solutions, nor to calculus

on the semi-group generated by the underlying maximal monotone operator.

5.1 Introduction

Our main purpose in this paper is to give explicit characterizations for weak and
strong invariant closed sets with respect to the following differential inclusion,

given € R" as
x(t) € F(z(t)) — A(z(t)) a.e.t >0, z(0) =z € domA, (5.1)

where F' : R™ = R" is a Lipschitz Cusco multifunction; that is, a Lipschitz set-

valued mapping with nonempty, convex and compact values, and A : R® =z R" is a
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maximal monotone operator. There is no restriction on the initial condition zy that
can be any point in the closure of the domain of A, possibly not a point of definition
of A. We also characterize weak and strong Lyapunov functions and, more
generally, a-Lyapunov pairs associated to the differential inclusion above. Our
criteria are given by means only of the data of the system; that is, the multifunction
F and the operator A, together with first-order approximations of the invariant
sets candidates, using Bouligand tangent cones, or, equivalently, Fréchet or
proximal normal cones, and first-order (general) derivatives of Lyapunov functions

candidates, using directional derivatives, Fréchet or proximal subdifferentials.

Our analysis aims at gathering two different kinds of dynamic systems in one,
that were studied separately in the literature, at least in what concerns Lyapunov
stability. The first kind of these dynamic systems is governed exclusively by Cusco
multifunctions, and gives rise to a natural extension of the classical differential

equations, given in the form
(t) € F(z(t)) ae. t>0, x(0) =z9 € R™ (5.2)

The consideration of differential inclusions rather than differential equations allows
more useful existence theorems, as revealed by Filippov’s theory for differential
equation with discontinuous right-hand-sides [42]. Stability of such systems,
namely, the study of Lyapunov functions and invariant sets, has been extensively
studied and investigated especially during the nineties by many authors; see, for
example, [30, 32, 39], as well as [10, 13, 43] (see, also, the references therein). For
instance, complete weak and strong invariance characterizations for closed sets can
be found in [30] in the finite-dimensional setting, and in [32] for Hilbert spaces.
It is worth recalling that only the upper semi-continuity of the Cusco mapping
F is required for the weak invariance, while Lipschitzianity is used for the strong
invariance (see [32]). Invariance characterizations of a same nature have been
done in [39] for one-side Lipschitz (not necessary Lipschitz) and compact valued
multifunctions. These results have been adapted in [33] to the following more

general differential inclusion (for 7" € [0, +00])
@(t) € F(t,x(t)) — New(x(t) ae. t €[0,T], 2(0) = zo € C(0), (5.3)

where C(t) is a uniformly prox-regular sets in R™ and Ny is the associated normal
cone. Observe here that the right-hand-side may be unbounded, but however, in

the case when T' < +o00, the last differential inclusion above is equivalent to the
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following one, for some positive constant M > 0,
(t) € F(t,z(t)) — Ne(t)(z(t)) N B(0, M) a.e. t € [0,T],z(0) = zo € C(0),

giving rise to a differential inclusion in the form of (5.2).
The other kind of systems that is covered by (5.1) concerns differential
inclusions governed by maximal monotone operators, or, more generally, (single-

valued) Lipschitz perturbations of these operators, that we write as
z(t) € f(z(t)) — A(z(t)) ae. t>0, (0) = x5 € domA. (5.4)

This system can be seen as perturbations of the ordinary differential equation
(t) = f(x(t)), where A could represent some associated control action. In
this single-valued Lipschitzian setting, weak and strong invariance coincide since
differential inclusion (5.1) possesses unique solutions. Compared to (5.2) the
right-hand-side in this differential inclusion can be unbounded, or even empty.
Typical examples of (5.4) involve the Fenchel subdifferential of proper, lower semi-
continuous convex functions ([2]). System (5.4) has been extensively studied,
namely, regarding existence, regularity and properties of the solutions [21], while
Lyapunov stability of such systems have been initiated in [70]; see, also, [6-§]
for recent contributions on the subject. Different criteria using the semi-group
generated by the operator A can also be found in [54], where Lyapunov functions
are characterized as viscosity-type solutions of Hamilton-Jacobi equations, and in
[26], using implicit tangent cones associated to the invariant sets candidates.

It is worth observing that (5.1) is a special case of the following more general

differential inclusion
(t) € F(t,z(t)) — A(t)(z(t)) ae.t>0, x(0) =z € domA(0, ), (5.5)

where A and F are also allowed to move in an appropriate way with respect to the
time, satisfying some natural continuity and measurability conditions. Existence of
solution of (5.5) have been also studied in [9, 59, 84] among others. In particular,
[9] considered in a Hilbert setting similar systems as the one in (5.1), but with
requiring strong assumptions on the multifunction F. In [84] the authors assume
that F'is a single-valued mapping, that is Lipschitz with respect to the second
variable, while the minimal section mapping of the maximal monotone operators
A(t) is uniformly bounded.

In this paper, we study and characterize strong and weak invariant closed
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subsets of the closure of the domain of A, domA, with respect to differential
inclusion (5.1). We shall assume in our analysis that the invariant sets candidates

S C R™ satisfy the following condition
[Is(x) € SNdomA Vz € domA, (5.6)

where Ilg refers to the projection operator on S. This condition has been used
in many works; see, for instance, [15], where the author is concerned with flow
invariance characterizations for differential equations, with right-hand-sides given
by nonlinear semigroup generators in the sense of Crandall- Liggett (see [37]).
It is clear that condition (5.6) holds whenever S C domA. When dealing with
weak invariant closed sets, we shall require some usual boundedness conditions on
the invariant set, relying on the minimal norm section of the maximal monotone
operator A. The invariance criteria are then used to characterize weak and strong
a-Lypaunov pairs of extended-real-valued proper lower semi-continuous functions
(V,W) associated to (5.1), such that domV CdomA. These results are specified
to differential inclusions involving normal cones to a uniformly prox-regular set C,

given in the form
t(t) € F(x(t)) — Ne(x(t)) ae. t €[0,7T], x(0) =x¢ € C,

where we provide existence and properties of the solutions as well as different
characterizations for invariant closed subsets and Lyapunov functions/pairs, all
written by means of the multifunction F' and the set C.

The paper is organized as follows: After Section 2, reserved to give the
necessary notations and present the main tools, we make in Section 3 a review
of the existence theorems of differential inclusion (5.1), and establish some first
properties of the solutions. In Section 4 we characterize weak and strong invariant
closed sets with respect to (5.1), while in Section 5 strong and weak Lyapunov
pairs are provided. In Section 6 we apply the previous results to study differential

inclusions involving normal cones to uniformly prox-regular sets.

5.2 Notation and main tools

In this paper, R" is a (real) finite-dimensional Hilbert space with the null vector
is denoted by 6, the notations (-,-) and ||| are the inner product and the norm,

respectively. For each z € R™ and p > 0, B(z, p) is the closed with center z and
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radius p and B, := B(0,r).
Given a nonempty set S, the notation S is closure of S. We denote ||S|| is real

positive number define by
151 := sup{|jv]| : v e S}
The distance function to S is defined by
ds(x) .= inf{||z — s||,s € S},
and orthogonal projection mapping onto S defined as
Hs(z) :={se€5: |lz—sl =ds(z)}.

If S is a closed set then Ilg(z) # 0 for every z € R™, we denote S° := IIg(f) is

minimal norm in S. The indicator function of S is defined as

0 ifxes
Is(l‘) = )
+oo ifx ¢S,

and the support function of S is defined as
os(z) :=sup{(x,s) : s € S},

with the convention that oy = —oo. Given a function ¢ : R* — R U {400}, its
domain and epigraph are defined by

domy := {x € R" : p(z) < +o0};
epip := {(z,a) € R": p(2) < a}.

We say ¢ is proper if dom¢ # (); lower semi-continuous , if epiyp is closed. Notation
F(R™) is the set all proper, lower semi-continuous functions.

We now introduce some basic concepts of nonsmooth and variational analysis. Let
¢ € F(R™) and = € domp. We call £ € R" is a proximal subgradient of ¢ at z,
written & € Opp(x) if

i in e(y) —plz) = (§y — )

5 > —0Q0.
oyt ly — ||
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A vector £ € R" is said to be a Fréhet subgradient of ¢ at x, written £ € dpp(z) if

i inf o(y) —plx) = (§y — )

> 0.
yoe e ly — =]

The limiting subdifferential of ¢ at x is defined as
Ou(x) = { i &, | &0 € Do), 20— 2. f () = [(@));
and the singular subdifferential of ¢ at z is defined as
Dup(r) = {1 s | &0 € Dpip(a), 20— 7. [ () = f(2), @ L O}
The Clarke subdifferential is defined as
dop(x) :=o(Orp(x) + Oscip()).

In the case 2 ¢ domy, then by convention, we set dpp(x) = dpp(x) = dpp(x) = 0.
We have the classical inclusions dpp(x) C Orp(z) C Orp(z).
If ¢ is locally Lipschitz around z, then Oy p(x) = {0} and

Jowp(x) = co(rp(x)).

The generalized directional derivative of ¢ at x in the direction v which defined by

t —
¢ (x;v) := limsup oly + 1) @(y)‘
y—x,t]0 t

We have that

O(x;v) = sup (&,v) Vv € R™.
§€dcp(x)

We also remind the contingent directional derivative of ¢ at x € domy in the

direction v € R" is

¢'(z;v) := liminf Pz +tw) — SO(I)

t—0t w—wv t

From definitions of proximal subgradient, Fréhet subgradient, it is easy to prove
that
O'apv(z)(-) < UBpV(J:)(') < V/<:E; ) Vx € domV. (57)
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The proximal, Fréhet, limiting normal cone are defined, respectively, by
NE(2) := 0pds(x), N5 (2) := Opds(z), N5(2) := 9r05(x).
We also define singular prox-subdifferential 0p . (z) of ¢ at z as follows
(€,0) € Nips (w, o(x)).
The Bouligand tangent cones to S at x is defined as
Té(z) :={veH|Ta, €83ty =0, stt, (zy—xz) > vask— +oo}.

Next we remind some basic concepts and properties of a maximal monotone
operator. A multivalued operator A : R" = R", the domain and the graph of A

are given, respectively, by
domA = {z e R" | A(z) # 0}, Gr(A4) :={(z,y) | y € A(x)};

to simplify, we may identify A to Gr(A). The operator A is said to be monotone
if
(y1 — Yo, &1 — x2) > 0 for all (z;,y;) € Gr(A),i =1,2.

If in addition A is not properly included in any other monotone operator then A
is said that mazimal monotone. In this case, for any z € domA, then A(z) is
closed, convex, hence (A(x))° is singleton. By maximal property, if a sequence
(s Yn)n C A such that (z,,y,) = (x,y) as n — oo then (z,y) € A.

Concerning to evolution equations associated with maximal monotone
operator. Let 7" > 0 and let f : [0,7] — R" be a function such that
f € L'0,T;R"). The differential inclusion

(t) € f(t) — A(z(t)) a.e. t € [0,T],2(0) = 29 € domA

always has a unique solution z(-) (see [21]). Moreover, for almost ¢ € [0,T], one

has
drz(t) . xt)—axt) . 4
T 1?51,%1 —v_: - JT) = Tagey) (f(t +0)),
+\ . . l t+h
where f(t1) := hih%#o = f(r)dr.

Finally, we remind Gronwall’s Lemma

Lemma 5.1. (Gronwall’s Lemma [5]) Let T > 0 and a,b € L (t,to +T;R) such
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that b(t) > 0 a.e. t € [to,to+T]. If, for some 0 < o < 1, an absolutely continuous
function w : [to, to + T] — Ry satisfies

(1 —a)w'(t) < a(®)w(t) + b(t)w*(t) a.e. t € [to, to + T1,
then

t ¢ t
w' () < wl_o‘(to)efto alr)dr +/ els “ DY (5)ds, Vit € [to, to + T).

to

5.3 Solutions of the system

In this section, we investigate and review some properties of the solution of

differential inclusion (5.1), that is given by
(t) € F(z(t)) — A(x(t)), ae. t>0, x(0)=x€ domA,

where A : H = H is a maximal monotone operator and F' is an L-Lipschitz Cusco

mapping.

Definition 5.2. A continuous function z : [0, c0) — R™ is said to be a solution of

(5.1) if it is absolutely continuous on every compact subset of (0, +00) and satisfies
x(t) € F(x(t)) — A(z(t)) a.e.t >0, 2(0) =z € domA.
The following characterization will be useful in the sequel.

Proposition 5.3. A continuous function z : [0,00) — R™ is a solution of (5.1)
iff x(+) is absolutely continuous on every compact subset of (0, 4+00), and for every
T > 0 there exists a function f € L>(0,T;R™) with f(t) € F(z(t)) a.e. t € [0,T7,
such that

z(t) € f(t) — A(x(t)) a.e. t €[0,T], z(0) = zg € domA. (5.8)

Proof. The sufficient condition is clear and, so, we only need to justify the
necessary part. Suppose that z(-) is any solution of (5.1) and fix 7" > 0. Since F is
Lipschitz and x(-) is continuous, there exists m > 0 such that F(x(t)) C B(6,m)
for all ¢ € [0, T]. We define the set-valued mapping G : [0,7] =2 R™ as

G(t) == [#(t) + A(x(£))] N F(z(t)) = |[#(t) + A(z(t))] N B, m)] N F(x(t)).
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We are going to check that G is measurable. Since operator A is maximal

monotone, the mappings
r— Ay(x) = A(z)NB(O,n), n>1,
are upper semi-continuous, and so are the mappings
t— A, (x(t)) == A(z(t)) NB(O,n), n>1,

due to the continuity of the solution z(-). Then, due to the relation A(z(t)) =
UnenAn(z(t)), we deduce that the multifunction ¢ +— A(z(t)) is measurable.
Since &(t) = limy, 400 n(x(t + ) — x(t)) for ac t € [0,T], &(-) is measurable, and
we deduce that the multifunction ¢ 1— [Z(t) + A(z(¢))] N B(#, m) is measurable.
Similarly, the multifunction ¢ +— F(z(t)) is measurable too. Consequently,
according to [27, Proposition I11.4], the mapping G is measurable, and we conclude
from [27, Theorem III.6] that G admits a measurable selection; i.e., a measurable
function f : [0,7] — R" such that

F(t) € G(t) = [#(t) + A(x()] N BB, m) N Fz(t)) € F(z(t)) ae. te[0,T].

Hence, #(t) € f(t) — A(z(t)) and ||f(0)]| < ||F(z(t))|| < m, so that f €
L(0, T; RY). O

The next theorem shows that differential inclusion (5.1) has at least one solution
whenever xq € domA. We use the following lemma, which is a particular case of

[10, Theorem A].

Lemma 5.4. Let G : R" == R" be a Lipschitz multifunction with nonempty,
convez and compact values, and let x € R™, v € G(x). Then there exists a Lipschitz
selection f of G such that f(z) = v.

Theorem 5.5. Differential inclusion (5.1) has at least one solution.

Proof. Fix x5 € domA and, according to Lemma 5.4, let f be a Lipschitz selection
of F. Then the differential inclusion

(t) € f(z(t)) — A(z(t)) ae. t>0,2(0) = o,

admits a unique solution z(-), which is absolutely continuous on every compact
subset of (0,400) (see e.g. [14, 21]). It follows that z(-) is also a solution of
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differential inclusion (5.1). O

We also need to give some further properties of the solutions of differential
inclusion (5.1), which will be used in the sequel.

Given a set S C H and z € domA we denote

(S — A(x))* = J(s = A(2))° = {s — ua(s) | s € S}.

seS

Proposition 5.6. Fiz xy € domA and let x(-) := z(-;x0) be any solution of (5.1).
Then the following assertions hold:

(1) x(t) € domA, for every t >0, and for a.e. t > 0,

dtx(t) — lim x(t+h) —x(t)

dt h10

€ (F(z(t)) — A(=(1)))”-
Conversely, if xo € domA, then for any v € (F(x) — A(xg))°, there exists a
solution y(-) of (5.1) such that

d*y(0)
dt

y(0) = o, = .

(i) There exists a real number ¢ > 0 such that for any xy € domA and any
solutions x(-) 1= z(+;x9) and y(-) := y(-;z0) of (5.1), one has for allt >0

() = zoll < 3(I[F (wo) || + | A° (o) [D)te”,

l2(t) = y(@I < 4 F (o)l + [|A° (o) [ )te,

Consequently, for every T > 0 there exists p > 0 such that

z(t) € B(xg, p) Vt € [0,T].

Proof. (i) According to Proposition 5.3, for each T" > 0 there exists some [ €
L>(0,T;R"™) with f(t) € F(x(t)) a.e. t € [0,T], such that z(:) is the unique
solution of (5.8); hence, by [21] z(-) satisfies z(t) € domA for all t € (0,7") and

d+§t(t> = (f(t) = Ax())° ae. te(0,T), (5.9)

where f(t*) := limy_,o h™! foh f(t+ 7)dr. Moreover, given ¢ > 0 there exists some
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h > 0 such that for a.e. 7 € (0, h), we have
fit+7)€e F(z(t+71)) C F(x(t))+ Lzt +7) —z(t)|| B C F(x(t)) + LB,

and so hlim+ : foh f(t+71)dr € F(x(t)) + eLB (this last set is convex and closed).
—0
Hence, as € goes to 0 we get f(t1) € F(x(t)), and (i) follows from (5.9).

Conversely, we assume that zp € domA and take v € [F(zg) — A(xg)]°. We
choose w € F(xg) such that v = w — Il 4(gy) (w). According to Lemma 5.4, there
exists a Lipschitz selection f of F' such that f(z¢) = w. Then the unique solution

y(-) of the following differential inclusion

y(t) € f(y(t)) — A(y(t)), y(0) = o,

satisfies 2+y(0)
2 = Fa0) = Magay (£(20)) = w = Taey) (w),

and the proof of (i) is complete.

(77) Let z(-) be a solution of differential inclusion (5.1), with z(0) = z, and fix
T > 0. Then by Proposition 5.3 there exist functions k, g € L'(0,T; R") such that
k(t) € F(x(t)), g(t) € A(z(t)), and

(t) = k(t) —g(t) aetel0,T].

We also choose by Lemma 5.4 a Lipschitz mapping f : R — R", with Lipschitz

constant ¢ (¢ > L), and consider the unique solution z(-) of the differential inclusion

2(t) € f(z(t)) — A(2(t)) a.e. t > 0,2(0) = x.

dtz(t)

So, for any ¢ > 0 one has HT < H% and
dtz(0 . .
|Z2 2 =100 - Aol < IF Gl + 4%
SO
t d*z(0) et — 1 ||d+z(0)
_ < CT —
l2(t) — aoll < /0 e | ‘ ar=""" ‘ ! H
et — 1 .
< ([ (o)l + 1A% (o)) (5.10)
< te”(||F(zo) | + 14° (o)1) (5.11)
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By the Lipschitzianity of F' we choose a function w(-) : [0, 7] — R™ such that
w(t) € F(2(t)), [Ik(t) —w®)| < Lllz(t) —2@)] vt e[0,T]. (5.12)

Then we obtain

) — f(2(1)),2(t) — (1))
+ (=g(t) + Macey (f(2(1)), 2(t) — 2(1))

-

<0, by the monotonicity of A

<(k(t) —w(t), 2(t) = 2(8) + (w(t) = f(2(t)), 2(t) — =(1))
<Llz(t) = 2 (@)1 + 2 |E @) |l2(t) — 2@)[] (by (5.12))
<Lllz(t) = 2O + 20| F(zo) || + L ||2() — woll ) lz(t) — 2(1)]
<L |la(t) — 2()|* +

2(I1F (o)l + (e = (I (o) | + 14° (o)) ) ll2(t) = =(0)]
<L la(t) = () + 20 F o) + 1 4°(zo) e l(t) - (1)

Consequential, from Gronwall Lemma we get, for every ¢ > 0,
l2(t) = 2()]F < 2(1F (wo)[| + [ A° (o) ||t
which together with (5.11) give us
l2(t) — zoll < 3(I1F(zo)|| + [IA° (o) |)te”

and, for every other solution y = y(-; xo),

lz(t) = (@I < lz(t) = 21 + ly(t) — 2] < AU F (o)l + [|A° (o) [t

that is the conclusion of (i7) follows. O

5.4 Strong and weak invariant sets

In this section, we give explicit characterizations for a closed set S C R™ to be

strong or weak invariant for differential inclusion (5.1),

(t) € F(z(t)) — A(z(t)) ae. t>0, x(0)=2x¢€ domA,

114 Lyapunov stability



Differential inclusions with Lipschitz Cusco perturbations

where A : H = H is a maximal monotone operator and F'is an L-Lipschitz Cusco
mapping. Invariance criteria are written exclusively by means of the data; that is,
multifunction F' and operator A, and involve the geometry of the set S, using the

associated proximal and Fréhet normal cones.
Definition 5.7. Let S be a closed subset of R".
(i) S is said to be strong invariant if for any xy € S N domA and any solution
z(+; o) of (5.1), we have
x(t;x) € S V> 0.
(ii) S is said to be weak invariant if for any zo € S NdomA, there exists at least
one solution z(-; xy) of (5.1) such that
z(t;xg) € S Vt > 0.
Since any solution of differential inclusion (5.1) lives in domA (Proposition

5.6), we may assume without loss of generality that S is a closed subset of domA.

We shall need the following two lemmas.

Lemma 5.8. (e.g. [7, Lemma A.1])Let S C R™ be closed. Then for every x €
R™\ S we have

x — Ilg(x)
ds(l’)

x — Ilg(x)

ouds()(x) € { e

} and dods(-)(z) € @({ 1.
Lemma 5.9. Let ¢ : R" — R be an I-Lipschitz function. Then for every x € R"
we have

p(z +v) < @) + @’ (z;v) + o(|[v]), v € R™

Proof. We proceed by contradiction and suppose that for some o > 0 and sequence
(Up)n C R™\ {6} converging to 6 it holds

o +v,) — p(x) > @ (r;0,) + aljv,| for all n > 1. (5.13)
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Without loss of generality, we can assume that -2 — v # 6. Then

l[onl

P2+ vn) = () =p(x + o0 = [lva] v + [loa] v) = (2 + v = [Jon]| V)
+ (@ 4o = [lval[v) = p(z)
<p(@ + v = [[oa] v+ [on]| v) = (& + 00 = [Jva][v)
+ [ (o = Jlval[ 0}

Hence, from the inequality (5.13) one gets

p(@ + v = |lvall v+ flvall v) = p(& + 00 = flal V)

[[onl

Unp,

— v
[[onl

]

v
> " (13 ) e
[[on|
which as n — oo leads us to the contradiction ©°(x;v) > @%(z;v) + a > ¢°(z;v).
]
Before we state the main strong invariance result we give the following result:

Proposition 5.10. Let S C domA satisfy condition (5.6), and take zo € S. If
there is some p > 0 such that for any x € B(xo, p) NS N domA,

sup sup inf (&{,v—2z") <0, (5.14)
€ENE(z) veF(2) z*€A(2)

then given any solution x(-;x¢) of (5.1), there exists T > 0 such that x(t;x¢) € S
for every t € [0,T).

Proof. Let x(-) := z(-;x0) be any solution of differential inclusion (5.1), so that

for some T} > 0 we have
z(t) € B(zo, g’) NdomA, ae. t €[0,T}], (5.15)
where p > 0 is as in the current assumption, and so (by condition (5.6))

2
Ig(x(t)) C B(xo, §p) NS NdomA C B(xg,p) NS N domA for a.e. t € (0,71].
(5.16)
We denote the function 7 : [0, 7] — R as

Fix € > 0. Since the function d%(-) is Lipschitz on each bounded set and z(-) is

absolutely continuous on [, T} ], function 7 is also absolutely continuous on [g, T} ];
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hence, differentiable on a set Ty C [e, T3] of full measure (we may also suppose
that (5.16) holds for all ¢ € Tp). We pick t € Tj so that, according to Lemma 5.9,
for all s > 0

2 (5.17)
< (ds(a(t) + sd3(x(8);5(6)) + o(s)) +ofs)
< d§(x(t)) + 2ds(x(t))ds((t); & (t)s) + ofs),
While by Lemma 5.8 we have
ds(e)B(a(ri(0) = dsCelt) max (i) (519
< uerrﬂ?ﬁt))mt) —u, (t)).

Let us write @(t) as #(t) = v — w for some v € F(z(t)) and w € A(z(t)), and fix
u € g(z(t)) (C B(zg, p) NS NdomA by (5.16)). By the Lipschitzianity of F' we

choose some v' € F(u) such that
lv =o'l < L) — ull = Lds(x(t)).

Since x(t) — u € NE(u), by the current hypothesis of the theorem there exist
w' € A(u) such that
(x(t) —u,v" —w') <0,

which in turn yields, due to the monotonicity of A,

< Lljz(t) — ul* = Ldg(x(t)).
Thus, continuing with (5.17) and (5.18) we arrive at
n(t+s) < n(t) +2Ln(t)s + o([lsl),

which implies that 7(t) < 2Ln(t). Hence, by Gronwall Lemma, we obtain that
n(t) < n(e)e?t=9) for all t € Ty, or, equivalently, n(t) < n(e)e?!=9) for all ¢ €
[e,T1]. Then, as £ goes to 0 we conclude that n(¢) = 0 for all ¢ € [0,7}], which
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proves that x(t) € S for all t € [0, T}]. O

We give the required characterization of strong invariant closed sets with

respect to differential inclusion (5.1).

Theorem 5.11. Let S be a closed subset of domA satisfying relation (5.6). Then
the following statements are equivalent, provided that Ng = NE or NE and Ty =
TE, or Tg =coT%,

(i) S is strong invariant for differential inclusion (5.1).

(ii) For every x € SN domA, one has

v — e (v) € Tg(x) Vv € F(x). (5.19)
(iii) For every x € SN domA, one has

[v—A(x)]NTg(x) #0 Yo € F(x). (5.20)
(iv) For every x € S NdomA, one has

sup  sup (§,v — Il (v)) <0. (5.21)

§ENg(z) veF(z)

(v) For every x € S NdomA, one has

sup sup inf ({,v—2") <O0. (5.22)
£eNg(z) veF(z) 2" €A(x)

(vi) For every x € S N domA, one has

eesﬁlﬁm 02?@) x*eA(@rWB(e,lnI}f(x)||+||A°<x>n><§’ voa <0 (5:23)
Proof. The implication (i) = (éii) and (vi) = (v) are trivial, while the
implications (i7) = (iv) and (#ii) = (v) come from the relation Tg(z) C (N (x))*
for all z € S. The implications (v) (with Ng = N¥) = (i) is a direct consequence
of Proposition 5.10.
(i) = (i7). To prove this implication we suppose that S is strong invariant
and take zo € S NdomA and v € F(zg). According to Lemma 5.4, there exists a
Lipschitz selection f of F' such that f(x¢) = v, and so there is a unique solution

x(+) of the following differential inclusion,

z(t) € f(x(t)) — A(x(t)), a.e. t >0, x(0) = zo.

118 Lyapunov stability



Differential inclusions with Lipschitz Cusco perturbations

It follows that z(-) is also a solution of differential inclusion (5.1), so that z(t) € S
for any ¢ > 0. Then we get
d*z(0)

0~ W) = () = AGro)y = T2 =t D220 € 182 € Ty,

(tv) = (vi). This implication holds since for any x € domA and v € F(z) we have
that

T (0)]| < Ta) (v) = A°(@)]| + [ A°(@)]]
= || TLag)( U) — a9 + [[A°(2)]|
< lvll + [[A°(@)|| < [|F(z)|| + [|A°(2)]] .

The proof of the theorem is complete. O

The following proposition, which provides the counterpart of Proposition 5.10
for the weak invariance, is essentially given in [39, Theorem 1]. The specification
of the interval on which the solution remains in S also comes from the proof given

in that paper.

Proposition 5.12. Let S C domA be closed and take xo € S such that, for some
r,m >0,
[|A°(x)||<m Va € SN B(xg, 7). (5.24)

Assume that for all x € S N B(xg,r),

sup  inf inf (& v—2a") <0. (5.25)

¢eNE(z) VEF(@) @ €A@)NByy ()|

Then there ezists a solution z(-; o) of (5. 1) such that x(t;zo) € S for every t €
[0, 7] with T = g(m+ sup || F(x )H)
z€B(zo,r)NS
Consequently, we obtain the desired characterization of weak invariant sets
with respect to differential inclusion (5.1). Recall that A° is said to be locally

bounded on S if for every x € S we have

m(z) := limsup || A°(y)|| < +o0. (5.26)

y—x,yeS
Theorem 5.13. Let S C domA be a closed set such that A° is locally bounded on
S. Then the following statements are equivalent provided that Ts and Ng are the

same as the ones in Theorem 5.11:
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(i) S is weak invariant for differential inclusion (5.1).

(i1) For every x € S, one has

UveF(z) [U — A(w) N Bm(z)+”F(x)H:| N Ts(x) #+ . (5.27)

(11i) For every x € S, one has

sup  inf inf (€, v—2") <0. (5.28)
¢eNg(z) vEF(2) z*€A(@)NBu(a)4|F(2)]|

Proof. (i) = (i1). Given an zg € S we choose a solution z(-) := z(-;z¢) of (5.1)
that belongs to S. Fix e > 0. By (5.26) and the current assumption we also choose
p > 0 such that

|A°(2)|| < m(zg) + ¢ for all x € B(zg,p) NS.
Then for any = € B(zg, p) NS and any v € F(x) we get
[Ty ()| < [Ty (v) = A°(@) |+ 1A @) < [l +[A° @) < |1 F(2)[[+m (@) +e

Let T" > 0 be such that z(t) € B(xg,p) NS for all t € [0,7], so that for all
v e F(x(t)) and t € [0,7] we have

[Ty ()| < IE @) +m(zo) + &
hence, by Proposition 5.6(%),
:L‘(t) € F(l‘(t)) — A(:L‘(t)) N B”F(x(t))‘Hm(xo)Jrg a.e. t € [O, T], (529)

and «(-) is Lipschitz on [0,7] (observing that Bjrue)|+m@o)+e C
B\ (a0) |+ Lot+m(zo)+¢)- Take w € Limsup, ot~ (x(t) — 20) (this Painleve-Kuratowski
upper limit is nonempty, due to the Lipschitzianity of x(-)). Then, since the
mappings © — A(xz) N B, ||F(z)|| + m(zo) + €) and & — F(x) are upper
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semi-continuous, by using (5.29) we get
1 t
w € Limsuptwg/ x(r)dr
0

C Limsup,, (@ [ | F(2(r) = A@(7)) N Bype)|<mao)+=

T€[0,t]

C  F(zo) — A(zo) N By p(ug)|+m(ze)+e: (5.30)
and we conclude that, as € goes to 0 (observe that v is independent of ¢),
w € F(wo) = A(z0) N Byjp (o) |+m(zo):

Thus, (ii) follows, due to the obvious fact that Limsup, ot~ (z(t) — ) C Ts(z).

(1ii) = (i). Fix g € S. By (5.26) we choose r,m > 0 such that m(z) < m for
every € SN B(xg,r). It suffices to prove that

T :=sup{T : 3 z(-;29) a solution of (5.1) such that x(t;z¢) € S Vt € [0,T]} = +oo0.

According to Proposition 5.12, there exist some 77 > 0 and a solution z;(-; zo)
of differential inclusion (5.1) such that xy(t;z9) € S for all ¢ € [0,7}]; hence,
T>T >0.

We proceed by contradiction and assume that T < +oo. By Proposition 5.6,

we let 71 > 0 be such that for every solution z(-;z¢) of (5.1) we have
x(t; 20) € B(xo,71) VE € [0, T].

We set

b= s [F@I+ s 4@,
z€B(zo,r1+1) x€B(xo,r1+1)NS

so that k£ < 400, due to (5.26) and the compactness of the set B(xg, 7 +1)NS. By
definition of T', for 0 < & < min {5, 7'} we choose a solution z.(+; z) of (5.1) such
that z.(t;z0) € S for all t € [0,T — g]. We put yo := 2.(T — ;30) € B(xg,71) NS,
so that B(yo, 1) C B(zg, 7 + 1) and the following relations follows easily

1A°W)l[< sup  [JA%(u)] =y Yy € SN B(yo, 1),
u€B(zo,r1+1)NS

sup  inf inf (&,v—21") <0 for all y € SN B(yo,1).
geNg(y) VEF(Y) 27 €AWMBm, +F @)
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Then, according to Proposition 5.12, there exists a solution zs(+;yo) of (5.1) such
that 22(t;y0) € S for all ¢ € [0, 5]. Consequently, the function z(+; ) defined as

z(t; o) if s €[0,T — ¢
z(t; o) = _ _
ot =T +e;y9) ifse€ [T —e +o0,

is a solution of (5.1) and satisfies z(t;xo) € S for all t € [0,7] with T := T +
Sik — e > T, which contradicts the definition of 7. Hence T' = oo, and S is weak

ivariant. O

5.5 Strong a-Lyapunov pairs

In this section, we use the invariance results of the previous section to characterize

strong a-Lyapunov pairs with respect to differential inclusion (5.1),
z(t) € F(z(t)) — A(z(t)), ae. t>0, x(0)=mxy€ domA,

where A : H = H is a maximal monotone operator and F' is an L-Lipschitz Cusco

mapping.

Definition 5.14. Let V,W : R" — R U {400} be lower semi-continuous functions
such that W > 0 and let a > 0. We say that (V, W) is a strong a-Lyapunov pair
for (5.1) if for any xy € domA we have

eV (x(t; 20)) + /Ot W (x(r;20))dr < V(x0) Vit >0, (5.31)

for every solution z(-; o) of (5.1).

The following lemma shows that the non-regularity of the functions V, W
candidates to form a-Lyapunov pairs is mainly carried by the function V. For
k > 1 we denote

Wi(z) = zlergn{W(z) +k|x— 2|} (5.32)

Lemma 5.15. Given a function W : R™ — R, U{ 4+ oo}, W} defined in (5.32) is
k-Lipschitz, and we have Wy (x) /W (x) for all x € R™. Moreover, the following
assertions hold true for every T' > 0 and xy € domV:

(1) If z(-;20) is a solution of differential inclusion (5.1), then W satisfies
inequality (5.31) iff Wy does for all k > 1.

122 Lyapunov stability



Differential inclusions with Lipschitz Cusco perturbations

(ii) If there are solutions wx(-;x0), k > 1, of (5.1) such that

SUPy>q €8s supy |k (5 o) || < 400 and
t
eV (zx(t; 20)) —i—/ Wi(xg(7520))dT < V(x0) VE € [0, T] and Vk > 1,
0
then there exists a solution x(-;xo) of (5.1) such that
¢
eV (z(t; o)) —I—/ W (x(T; 20))dr < V(z0) Vt € [0,T].
0

Proof. The first statement of the lemma is known (see, e.g., [30]). Statement (7)
follows easily from Fatou’s lemma. To prove statement (i) we observe that the
current assumption, that supys, esssupy [|x(-;z0)|| < m, yields the existence of
some r > 0 such that x(¢;x¢) € B(zo;r) for all ¢ € [0,7] and all £ > 1. Hence,
there exists M > 2m such that supys, supepo 71/ F (2 (t; 20)) | < & in other words,
for all £ > 1 it holds

T(t; x0) € Fag(t;zo)) — Alxp(t; z0)) N By ae. t € [0,T], zx(0;20) = 0. (5.33)

We may assume without loss of generality that x(-;z) converges weakly in
L?(0, T;R"™) to some v(:) € L*(0,T;R"), and, due to Arzela-Ascoli’'s Theorem,
that x(-; z) converges uniformly to a continuous function z(-) on [0, 7. It follows
that (t) = v(t) a.e. t € [0,7], and so, since the mapping F' — A N By, has closed
graph, as k — 400 in (5.33) we get

() € F(z(t)) — A(z(t)) N By ae. t € [0,T7; (5.34)

that is, x(-) is a solution of differential inclusion (5.1). Finally, by taking the limits
as k,p — +oo for k > p in the inequalities for all ¢ € [0, T

eV (wy(t; :EO))Jr/Ot Wy (g (15 20))dT < e“tV(xk(t;xo))+/0t Wi(zg (75 20))dT < V(20),
we obtain that

eV (x(t)) + /Ot W(z(r))dr < V(xg) Vt € [0,T],
as we wanted to prove. O]

Lemma 5.16. Consider the operator A : R" x R — R" and the function
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V:R"™! xR, — RU {400} defined as
Az, 0, B,7) = (A(z),0ks), V(z,0,B) ="V (z) +a, (5.35)

together with the mappings Fj, : R"™3 — R"3 k> 1, given by (recall (5.32))

~

Fy(z,a, B,7) := (F(z), Wi(z), 1,0).

Then A is mazimal monotone with domA = domA x R3, Ey. is Lipschitz with
constant (L2+kz2)%, and consequently, the following differential inclusion possesses

solutions,

A

2(t) € Fy(2(t)) — A(2(t) ae. t>0, 2(0) = z = (w0, Yo, 20, o) € domA x R?,
(5.36)

and every solutions is written as

t
2(t; 20) = (z(t;20), Yo +/ Wi(2(7;20))dT, 20 + 1, w0),
0

for a solution x(-; xg) of (5.1).

We need the following result which provides us with a local criterion for strong

a-Lyapunov pairs.

Proposition 5.17. Let VW : R" — RU{+oo} be two proper lower semi-
continuous functions such that domV C domA,W > 0 and let a > 0. Fix

zo € domV' and assume that for some p > 0 we have, for all x € B(xy, p),

sup sup inf (§,v—2a") +aV(z)+ W(x) <0, (5.37)
€€opV(z) veF(z) T E€A(2)

sup sup inf ({,v—2a%) <0. (5.38)
£€0p.oV(x) veF(z) T EA(T)

Then there ezists some T > 0 such that for every solution x(-;xo) of differential

inclusion (5.1) one has
t
eV (x(t; z0)) —|—/ W (x(1;20))dT < V(x0) Vt € 0, T].
0

Proof. First, by Proposition 5.6(ii) we let ¢ > 0 be such that for any solutions
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x(+) = x(-;20) of (5.1) it holds
() = ol < B[ F (o)l + [|A° (o) [ )te" for all ¢ > 0,
and choose T > 0 such that
B(IF (o)l + 14°(20)NTe™ < p. (5.39)

As in Lemma 5.16, we define the proper and lower semi-continuous function V :
R x Ry — RU {+o0} as V(z, a, B) := eV (z) + a, so that epiV is closed and
satisfies

epiV € domV x R® C domA x R® = domA,

where A is also defined as in Lemma 5.16; hence, condition (5.6) is obviously

satisfied for epiV/.

Claim. We claim that for any given Z := (x1,y;,2,w;) € epiV with
|x1 — zo|] < p, there exists small enough ¢ > 0 such that for each (z,y, z,w) €
B(z,e)NepiV, (£, —k) € Nf;if/(x,y, z,w), and (v, Wg(x),1,0) € Fi(z,y, z,w) there
exists * € A(z) such that

(&, —k), (v —a2", W(x),1,0)) <O0. (5.40)

Indeed, with Z as in the claim let us choose € > 0 such that
(z,y,2,w) € B(2,¢) NepiV = z € B(x, p).

Let (z,y,z,w), (g,—/{), and (v, Wi(x),1,0) be as in the claim, so that z €
B(zg, p) NdomV and v € F(x), as well as k > 0 (see [30, Exercise 2.1]). We

may distinguish two cases:

(i) If K > 0, then w = V(x,y, z) and, without loss of generality, we may suppose
that x = 1. Hence, & = (e%€,1,ae®V (z)) € dpV (z,y, 2) for some € € IpV (z).
Consequently, by the current hypothesis there exists z* € A(x) such that

(v —a") +aV(x) + Wi(z) < (v —a*) +aV(z) + W(z) <0.
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In other words, we have (v — z*, Wi (z),1,0) € Fk(x,y, zZ,w) — A(:L’,y, z,w) and

(€, =1), (v =", Wi(2),1,0)) = (("¢,1,ae®V (x), —1), (v — 2", W(2),1,0))
= (& v —a") + Wi(z) + ae®V (z)
(60— ) + aV(a) + Wila)
+(1 — e®)Wi(z) <0, (5.41)

and (5.40) follows.

(i1) If k = 0, then £ € OpoV(z,y,2) and, so, (£, —k) = (&,6gs) for some
£ € OpooV (). Then, by arguing as in the paragraph above, the current hypothesis
yields some z* € A(x) such that (§,v — z*) < 0. Hence, (v — z*, Wi(x),1,0) €
Fk(:c,y, z,w) — A(a:,y,z,w) and

<(§70)7 (U - :U*,Wk(l'), 1’0)> = <f,U - [B*> < 0; (542)

that is, (5.40) follows in this case too. The claim is proved.

Now, we take a solution x(-;x9) of (5.1), so that z(;z) =
(z(-320), Jy Wi(x(;20))dr, -, V(30)), with 25 = (20,0,0,V(z0)), becomes a
solution of (5.36). Then, from the claim (with Z := 2;) above and Proposition

5.10, there exists some ¢ > 0 such that
2(t; 2) € epiV Vit € [0,1]; (5.43)
that is,
T := sup{t > 0 : such that z(s; z) € epiV Vs € [0,#]} > 0. (5.44)

Let us show that T > T, where T is defined in (5.39). We proceed by contradiction
and assume that 7' < T. Then, because (by Proposition 5.6(ii))

(T 0) — o] < B F (o)l + A°(xo) NTe™ < p,

and z(T;2) = (z(T; xo),fOT Wi (x(7; 20))dr, T,V (x)) € epiV, from the claim
above (with Z := z(T’; z9)) and Proposition 5.10, there exists some ¢; > 0 such that
2(t; 2(T; 20)) € epiV for all t € [0,1]. Thus, z(t + T; 20) = 2(t; 2(T; z)) € epiV
for every t € [0,], and we get a contradiction to the definition of 7.

Finally, from (5.44) we get

eV (w(t: 70)) + /O Wi(a(r: 0))dr < V(zo) ¥t € [0,T).
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Moreover, because T is independent of k, by taking the limit as k — oo we arrive
at (as Wy(x) / W(z), by Lemma 5.15)

eV (w(t: 20)) + /0 W (x(r: ))dr < V(wo) V¢ € [0, T,

which is the desired inequality. O
We give now the desired characterization of strong a-Lyapunov pairs.

Theorem 5.18. Let V,W, and a be as in Proposition 5.17, and let O stand for
either Op or Op. Then the pair (V, W) is a strong a-Lyapunov pair for (5.1) iff for
all x € domV

sup  sup inf (v —2x")+adV(z)+ W(z) <0, (5.45)
€0V (z) veF(z) T EA()

sup sup  inf ({,v—2") <0. (5.46)
£€0p.ooV(x) veF(z) T*EA(T)

Proof. To prove the sufficiency part, we take g € domV and a solution z(-; z¢) of

differential inclusion (5.1). By Proposition 5.17 there exists some 7" > 0 such that
¢
eV (x(t; z0)) —l—/ W (x(7;20))dT < V(x0) Yt € [0,T]. (5.47)
0
It suffices to prove that the following quantity is 400,
T :=sup{s > 0: (5.47) holds V¢ € [0, s]}.

Otherwise, if T is finite, then z(T;z9) € domV (because V is lower semi-
continuous), and again from Proposition 5.17 we find n > 0 such that for all

t € [0, 7], using the semi-group property of x(-; xq),
4T
e“(t+T)V(x(t +T; ) + / W (z(1; x0))dT
0
t+T T

< T <eatV(a:(t+T;xo)) +/ W(I(T;xo))dT) +/ W (z(T;x0))dT

T 0

T
< e“TV(CE(T; xg)) +/ W (x(1;20))dT < V(x0),
0

and we get the contradiction 7' > T + 7. Hence, T' = +o0 and (5.47) holds for all
t > 0, showing that (V, W) forms a strong Lyapunov pair for differential inclusion
(5.1).
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To prove the necessity of the current conditions, we start by verifying
(5.45) with 0 = dp. We fix 2y € domV (C domA) and v € F'(x), and, according
to Proposition 5.6, we choose a solution x(-;zg) of differential inclusion (5.1) such
that % = v — ITa@)(v). Thus, since (V,W) is assumed to be a strong a-

Lyapunov pair for (5.1), we obtain for every ¢ > 0
V(z(t;zo)) — V(zg) e —1

] + V) + 7 [ Wialrsa)ir <o

which give us, as t | 0,

UaFV(JCo)(U - HA(JUO)(U)) < Vl(‘ro; v = HA(QCO)(U))

< liminf V(x(t;mo)) — V(SEO)
t10 t

< —aV(xg) — W(xo).

Hence, (5.45) follows with either 0 = Or or 0 = 0p. To verify (5.46) we fix
zo € domV, v € F(xo) and £ € OpooV (20); that is, (£,0) € NIy (w0, V(xo)).
According to Proposition 5.6, we choose a solution x(+; o) of differential inclusion
(5.1) such that Cﬁxé%o) = v — (g (v). Since (V,W) is strong a-Lyapunov for
differential inclusion (5.1), one has that (x(t;xg), e~V (xq)) €epiV for all ¢t > 0.
Then, by the definition of the proximal normal cone, there exists 7 > 0 such that

for all small ¢ > 0

((€,0), (x(t; x0), €™V (o))~ (w0, V(20))) < n( |l(t; o) — wol|*+e™ ™V (wo) =V (o) ]),

and so
(€, x(t; 20) — xo) < ([l (t; z0) — zoll* + (€7 = 1)*[V (o) *).

Hence, by dividing on ¢ > 0 and taking limits as ¢ | 0, we obtain that ({,v —
I A(z0)(v)) <0, as we wanted to prove. O

We give in the following corollary other criteria for strong a-Lyapunov pairs
for (5.1), Recall that A° is said to be locally bounded on domV" if condition (5.26)
holds for all x € domV’; that is, for every x € domV we have

m(z) = limsup ||A°(y)|| < +oo.

y—z,yedomV

We also observe that the function m is upper semi-continuous at every x € R”

128 Lyapunov stability



Differential inclusions with Lipschitz Cusco perturbations

such that m(z) < 4o0; that is,

limsup m(y) = m(x). (5.48)

y—x,ycdomV

Corollary 5.19. Let V,W, and a be as in Proposition 5.17, and let O stand for
either Op, Op, or Jp. If A° is locally bounded on domV', then (V,W) is a strong
a-Lyapunov pair for (5.1) iff one of the following statements holds.

(i) For any x € domV,

sup  sup inf (&v—a")+aV(x)+W(x) <O0.
€€V (z) veF(z) T EA@)NB)F(z)|+m(x)

(ii) For any x € domV,

sup V'(z;0 —aw(v)) +aV(z) + W(z) <0.

vEF (x)
(111) For any x € domV,

sup inf V'(z;v—2) +aV(z) + W(z) <O0.

veF(z) **E€A@)NMB| ()] 4+m(w)

Proof. (ii) = (d¢i7). This implication follows since that for any = € domV (C
domA) any v € F(x)

T < 1A @) + [T (v) = A°@)[| < 1A°@)] + o]l < m(z) + [F ()] -

(17i) = (7). When 0 stands for either Jp or dp this implication follows from the
relation oo, v () < 0opv()(-) < V'(z;-). If 0 = Or, we take £ € 0,V (z) and

v € F(x), and choose sequences (z;) and (;) such that
2 B, &€ 0pV(x;), & — & as i — o0;

moreover, due to the upper semi-continuity of m at z and m(zx) < +oo, by

assumption, we may assume up to a subsequence that
1. .
m(x;) <m(x)+ - VieN. (5.49)
1

By the Lipschitzianity of F' we also choose a sequence (v;);>1 such that v; € F(x;)
and v; — v. Since (7) holds with 0 = 0Op, for each i there exists xf € A(z;) N
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BjjF (i) +m(z) such that

Then, since the maximal monotone operator A has a closed graph, and (z7); is

bounded, we assume w.l.o.g. that
xf - " € A(x) N B(0,m(x)) as i — 0.

So, by passing to the limit in (5.50) as i — oo, and using the lower semicontinuity
of W, we obtain that

(&v—a")+aV(zx)+W(x) <0, (5.51)

which shows that (z) holds when 0 = Jy.

(1) = (V, W) is a strong a-Lyapunov pair for (5.1). According to Theorem 5.18
we only need to show that (5.46) holds. We fix z € domV, £ € OpV(z) and
v € F(x). There exist sequences (z;);, (&):, and (a;); such that

X Y, x, & € 0pV(x;), a; 10, a;&§ — & as i — oc.

By arguing as in the last paragraph above there also exists a sequence (v;); such
that v; € F(z;) and v; — v as i — oo. Moreover, using the current assumption
on A°, there exists m > 0 such that sup, m(x;) < m. Now, by assumption (i), for
each i € N there exists a sequences z7 € A(z;) VB p@)|+m(z:) C A(@:) NVBjr@,)|+m
and

(&, v, — ) + aV(zy) + W(x;) <0. (5.52)

By using again that A has a closed graph, and that zf — 2* € A(x), By multiplying
the last inequality above (5.52) by «; and next taking limits as i — oo, we arrive
at (5.46). The proof of the corollary is finished since (i7) is a necessary condition

for strong a-Lyapunov pairs, as we have shown in the proof of Theorem 5.18. [
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5.6 Weak a-Lyapunov pairs

In this section, we characterize weak a-Lyapunov pairs with respect to differential

inclusion (5.1),
(t) € F(x(t)) — A(z(t)), ae. t>0, x(0)=x€ domA,

where A : H = H is a maximal monotone operator and F' is an L-Lipschitz Cusco

mapping.

Definition 5.20. Let V,W : R" — R U {400} be lower semi-continuous functions
such that W > 0 and let a > 0. We say that (V, W) is a weak a-Lyapunov pair
for (5.1) if for any zo € domA, there exists at least one solution z(-;2¢) of (5.1)
such that

eV (z(t; o)) + /Ot W(x(r;20))dr < V(xg) Vt>0.

Definition 5.21. Let ¢ > 0 be as in Proposition 5.6(ii), and take zo € domA
and p > 0. We denote by T, ,(x¢) the positive number that satisfies the following
equation in ¢,

317 (o) |+ 14° (o) e = £.

Proposition 5.22. Let V,\IW : R* — RU{+oc} be two proper lower semi-
continuous functions such that domV C domA,W > 0 and let a > 0. Fix
xo € domV and assume that for some m, p > 0 we have, for allx € B(zq, p)NdomV

sup inf inf (&v—a")+aV(x)+W(z)<O0.
e€opV(z) VEF(z) z*€A(X)NBy| p(a)|

Then there is a solution x(-;xo) of differential inclusion (5.1) such that
t
eV (x(t; z0)) +/ W (x(7;20))dT < V(z0) Vt € [0, T, ,(x0)],
0
where T, ,(xo) > 0 is given in Definition 5.21.

Proof. We fix k € N, and let A, V, and F}, be as in Lemma 5.16. First, since
{z € R" | 9pV (z) # 0} is dense in domV" (see, e.g., [30, Theorem 1.3.1]), and the
maximal monotone operator has closed graph, from the current assumption and

the Cusco property of F, there is some m; > 0 that, for all (z,y, z, w) cepiV such
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that||z — zo|| < p,

HAo(x,y,z,w)H <m+||F()] < m. (5.53)

We proceed by steps:

Step 1). We prove that for every (z,y, z,w) €epiV such that ||z — zo| < p

and (§,—k) € Ng)if/(x,y,z,w), there exist v € F(z) and z* € A(z) N By r@)|
such that

(Ua Wk(‘r)7 170) S Fk(x7ya Z,U)), (x*76)R3) € A(%%Z,w) N Bm+||F(a:)|| and (554)

(&, —kK), (v—2a",Wi(z),1,0)) <0. (5.55)
Indeed, let (z,y, z,w) €epiV and (é, —k) be as in the claim, so that k > . If Kk > 0,
say k = 1, we get £ = (e2%¢,1,ae™V (z)) € 8pV(x,y,z) for some £ € IpV (z).
Then, by the current hypothesis, there exist v € F(x) and 2* € A(x) N By p@));
that satisfy (5.54), such that

(&v—2a")+aV(x)+Wi(x) < ({v—2a") +aV(x)+ W(x) <0.

Hence,

(& —1), (v—a", Wi(x),1,0)) = (&, v — 2*) + Wi(z) + ae®*V ()
_ (v — o) +aV(a) + Wylw)  (556)
+ (1 —e")Wi(z) <0,

and (5.55) follows. If kK = 0, then £ = (£,0,0) € 6p7001~/(x,y, z) for some £ €
OpV (x). Then, taking into account that ||z — x¢|| < p, there are sequences (z;) C
B(zo, p) N domV, (&) C R, and (a;) C R such that z; — z, & € OpV (1), o5 4
0,and ;& — £ as i — oo. Hence, for each ¢ € N, by the current hypothesis, there
exist v; € F(x;) and o} € A(x;) N By p(ay) such that

(§irvi — a7) + aV(z;) + Wi(z;) < 0. (5.57)

Because F' is of Cusco and A is maximal monotone, we may suppose w.l.o.g. that
v; = v € F(z) and ] = 2" € A(x) N By p@) as @ — oco. Then, by multiplying

both sides of the inequality above by «; and taking limits as i — 0o, we obtain
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(&, v —z*) <0; that is,

<(§70)7 (U - JI*,Wk(ZL‘), 170)> - <£7U - l‘*> <0,

and we get (5.55).

Step 2). Given % := (&, 7, %, W) € epiV such that ||Z — zo|| < p, we prove that

there exists z(+; Z) solution of differential inclusion (5.36) such that

DR o
2(t;Z) € epiV Vt € [0, 60 = ) } :
where .
B = (UIF @)l + Lo)* + (IW (o) + kp)? +1) . (5.580)

Indeed, let Z be as in the claim. Then for every z := (x,y,u,w) €epiV N
B(Z,5(p — || — xo||)) we have
- - - 1 N 1 .
lz = @oll < 12 = @oll+lle — 2| < |7 = zoll+5(p=lIZ = zo]l) = S(p+]IZ = zo]l) < p,
(5.59)
A°(2)|| < m+ ||F(z)] < my (recall (5.53)). In other words, according
to the first step, for every z €epiV NB(Z, $(p— |2 — wo]|)) and (€,—k) € ngiv(z),
there exist (v, Wi(x),1,0) € Fi(z) and (2*,0rs) € A(2) N Boyr@) C A(2) N
B, 4|7 (2)) such that (5.55) holds. Consequently, taking into account that (using
(5.59))

and, so,

sup
pEepiVNB(2,5 (p—|1Z—=0l|))

Bp)| = sup I(FG), We(@), 1,0)] < B (5.60)

z€B(z0,p)

by Proposition 5.12 there exists a solution of differential inclusion (5.36) as

required.

Step 3). We put zp := (x0,0,0,V(x0)) € epiV. Then

T :=sup{t > 0 : there exists a solution z(; zy) of (5.36) st. z(s; z0) € epiV Vs € [0,t]}
Z Tcap(x0)7
(5.61)

where T ,() is given in Definition 5.21; hence, T ,(x() satisfies

B(I1F (zo) || + 1 4° (o) ) Tep(20)e o) < p, (5.62)
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with ¢ > 0 being such that (see Proposition 5.6(ii)) for any solutions z(-) := z(+; zo)
of (5.1) it holds

() — zol| < 3(||F(wo)|| + |A°(2o)]|)te for all £ > 0. (5.63)

Indeed, from Step 2 we have that T > m, where [y, is defined in (5.584a).
To prove (5.61) we proceed by contradiction and assume that T < T (). By

F(xo)||+]|A°(z T p(x ecTe,p(xp)
(IF (o)l ”6(72104)-%) (o) } there

exists a solution zx(+; z9) of (5.36), and a solution zx(-; o) of (5.1), such that

definition of T, for every 0 < ¢ < min{T, p=3

t
2k(t; z0) = (xk(t;:co),/ Wi(xp (75 20))dT, 1,V (20)) € epiV Vt € [0, T — €.
0
But by (5.63) and (5.62) we have that

|24 (T = &;20) — mo|| < 3(|F(x0)|| + | A° (o) |)(T — &)eT—2)
< 3([IF (o) || + 14° (20) [N T (o) o) < p, (5.64)

and, so, by Step 2 there exists 2 (; 2x(T —€; 29)) a solution of differential inclusion
(5.36) such that

p— [l = e20) — o]
6(m1 + Br)

Ze(t; (T — €, 20)) € epiV Vt € |0,

We denote

2 (t; 20) if t € 0,7 — ¢

Z,(t; 20) = _ _
Z(t =T +e;2,(T —g520)) ifte[T —e, 00).

Then Z(+; 29) is a solution of (5.36) and we have that

ol —ci2) — ]
6(m1 + Br)

Zh(t; 20) € epiV YVt € |0,T + el .

Thus, since (recall (5.64))

p = llan(T = ei20) = o] _ p = 3UF ()l + I14° (o) [ Tep (o) T

6(m1 + fr) = 6(m1 + fr) - e

=[x (T=eiz0)—a |

(i Ar) —¢e > T. Step 3 is now proved.

we get the contradiction T > T +
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Step 4). In this last step we get the conclusion of the proposition. From Step
3 there is a solution xz(+; o) of (5.1) such that

¢
21 (t; 20) = (xk(t;xo),/ Wi (zi (73 20))dT, 1,V (20)) € epiV for all t € [0, T, ,(z0)];
0
that is,
t
eV (2 (t; 20)) +/ Wiz (73 20))dT < V(z9) for all ¢t € (0,1 ,(xo)].
0

Moreover, since that ||z (+; z0) — 2o < 3(||F(x0)|| + [|A°(z0)||) T p(20)eTer®0) < p
(by Proposition 5.6(ii)), by using the Lipschitz property of F' and (5.53) from
Proposition 5.6(i) we obtain that

428 (8; o) [| < 1 (ot wo) )| + [[A° (ke (8 20)) | < [ E (o) || + Lip + s

Consequently, by Lemma 5.15 there exists a solution #(-;z¢) of (5.1) such that
¢
eV (2(t; wo)) +/ W (&(1;20))dr < V(xo) Vt € [0, T, ()],
0

which yields the conclusion of the proposition. O

The assumption of Proposition 5.22 easily implies that (see (5.53)) A° is locally
bounded on domV’; that is,

m(z) = limsup ||A°(y)|| < +oo for all z € domV'. (5.65)

domV
Yy — T

The following theorem characterizes weak a-Lyapunov pairs for (5.1) under the

condition above.

Theorem 5.23. Let V, W, and a > 0 be as in Proposition 5.22, and let O stand
for either Op, O, or dr. Under the local boundedness of A° on domV', (VW) is a

weak a-Lyapunov pair for (5.1) iff one of the following assertions holds:

(i) For every x € domV,

sup  inf inf Sv—axy+aV(x)+W(x) <0.
¢edv(z) veF(2) I*EA(z)”Bm(z)+uF(z>||< > ( (@)
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(13) For every x € domV,

inf inf V'(z;v — ) +aV(z) + W(z) <0.

UEF(%) x*EA(x)mBHF(z)”-&-m(z)

Proof. (i) = ((V,W) is a weak a-Lyapunov pair for (5.1)).

As in Lemma 5.16 we let the maximal monotone operator A : R™ x R3 — R"*+3,
the proper lower semi-continuous function V : R*™ x R, — RU {+o0}, and the
Cusco mappings F, : R"3 — Rk > 1. defined by

A(QE, a7577> = (A(x)79R3)7 V(l’,&,ﬂ) = eaﬁv(‘r)_'_a? Fk(xuaaﬁ77) = (F<I>7Wk(x)7 170)
Let us fix 29 = (20,0,0,V(x)) € epiV and k € N. We set

T :=sup{s : there exists a solution z(-; 29)) of (5.36) s.t. z;(-; 20) € epiV ¥t € [0, 5]}
(5.66)
By current hypothesis (i) and the locally boundedness of A°; there exists m > 0

and p > 0 such that for all = € B(zo, p)

sup  inf inf (& v—a")+aV(z)+ W(x) <0.

¢copV(z) vEF(@) ¥ €A(T)NBoy | p(a)|

Then, according to Proposition 5.22, there exists s > 0 and a solution x(+; zy) of
(5.1) such that

eV (x(t; x0)) +/0 Wi (z(7;20))dT < V(o) Vt € [0, 8];

that is, z;(-; 20) := (@(; 20), [, We(2(7:20))dT, -,V (20)) is a solution of (5.36) such
that z(t;29) €epiV for all ¢ € [0,s]. Hence, T > 0. If T is finite, then by
Proposition 5.6 there would exist » > 0 such that for any solution z(;z) of
(5.36) we have

2k(+520) € B(zo,7) VYt € [0,T].

Also, since the set B(zo, r 4+ 2) NepiV and its projection on R”
E = {;1: € R": there exist (y,u,v) € R? s.t. (z,9,u,v) € B(zp,7 +2) N ein} ,
are compact, by the current assumptions there exists M > 0 such that

1(A)°(2)||< M ¥z € B(zo,7 4+ 2) NepiV, m(z) < M Vz € E, (5.67)
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and so
m(z) == limsup||(A)°(2)||< M Yz € B(zg,7 4 1) NepiV.

epiV
z’p—>z

To continue we shall proceed by steps:
Step 1). We show that for any z € B(zg,7 + 1) NepiV we have

sup inf inf (€,v—2") <0. (5.68)

EENP _(2) vEFR(2) z*€A()NBurm, (=)
epiV

Indeed, let z := (z,y,u,w) € B(zo,7 4+ 1) NepiV and pick (£, —k) € priv(z);
hence, Kk > 0 and x € F.

If Kk >0, say K = 1 (wlo.g.), then we get & = (e, 1, ae®™V (z)) for some
¢ € 0pV(x). Thus, by the current hypothesis (i) and (5.67) there exist v € F(x)
and z* € A(z) N Bu@)+r@) C A(®) N Bargre)) such that

(&, v — %) +aV (x) + Wi(z) <O0.

In other words, we have that (z*,0,0,0) € A(z) N Barr@)) C A(z)n By m (o)

and

<(§~, —1), (v, Wg(x),1,0) — (2,0,0,0)) = ((e™&, 1,ae™V(x),—1), (v —a*, Wi(x), 1,0))
= e™((&v—1a") +aV(x) + Wi(x))
+(1 — ™) Wy(x) <0,

which entails (5.68).

fr =0, then & = (£0,0) € DpoV (x,y, 2) for some € € p oV (). Hence, there are
sequences (z;), (&) C R™, and (a;) C R such that z; Y, x, & € 0pV(x;), oy | 0,and
;& — € asi — 0o. We denote w; := w+e™(V(x;) —V(x)), i € N, so that w; — w
and, w.l.o.g. oni > 1, (z;,y,u,w;) € B(zp,r + 2) and

V(@i y,u) = V() +y = wi — (w—e"V(r) —y) = wi — (0w = V(2,y,u)) < w;

that is, (x;, y, u, w;) € B(zp, r + 2)ﬂepﬂ~/. Now, by the current hypothesis, for each
i € N there exist v; € F(x;) and 2} € A(z;) N By F@) C A@:) N By rea)
such that

(&, v — }) + aV(z;) + Wi(z;) <O. (5.69)

Because F' is of Cusco and A is maximal monotone, we may suppose w.l.o.g. that
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v; = v € F(x) and ] — 2* € A(x) N By p() as @ — 0o. Then, by multiplying
both sides of the inequality above by «; and taking limits as ¢ — oo, we obtain
(&, v —z*) <0; that is,

<(€70)7 ('U - x*aWk($)’ 1a0)> = <£>U - ZB*> S Oa

and (5.68) also follows in this case.
Step 2). We show that 7" = oo. From Step 1 and Proposition 5.12, for every

z € B(z,7) NepiV/, there exists a solution z(-; z) such that
2(t; 2) € epiV Vit € [0, 1],

where ¢ = (M + sup 1 E(2) ). Let us fix ¢ € (0,7). From the
2'€B(z0,r+1)NepiV’

definition of T, there exists a solution Z(-; zo) of (5.36) such that Z(t, zo) € epiV
for all ¢ € [0, T — ¢]. By the result above, it is easy to find a solution Z(-; zg) of
(5.36) such that Z(t; z) € epiV for all t € [0,T + t — ] which contradicts the
definition of T', hence we get T' = +o00.

Step 3). In this step, we get (V, W) is a weak a-Lyapunov pair for (5.1). By the
result of Step 2, then for every T and k € N, there exists a solution xy(-;xg) of
(5.1) such that

t

st 20) = (z(t: o), / Wiz (r: o) )dr £, V(20)) € epil ¥ ¢ € [0, T,

0
or, equivalently,
t p—
eV (zp(t; 20)) +/ Wi(zk (75 20) )dT < V(20) Vt € [0,T],
0

that is, using Proposition 5.6(i1),

(wats0))e © D i= [V < V(o)) N Bao, 3( I1F(wo)ll + 1 4°(xo)]| ) TeT)

where ¢ > 0 is defined in Proposition 5.6(i¢). Thus, by the current assumption,
and the lower semi-continuity of the function V, A° is bounded on the compact set
D, so that by Proposition 5.6(i) we obtain some M > 0 such that ||iy(¢; zo)|| < M
for all k& > 1. Therefore, by Lemma 5.15 there exists a solution z(-;zg) of (5.1)
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such that
eV (x(t; 20)) + /t W (x(7;20))dr < V(x0) YVt € [0,T]. (5.70)

As we proceeded many times we can show that

T :=sup{s > 0| 3 z(-; z0) solution of (5.1) st. (5.70) holds V¢ € [0, s]} = +o0,

which ensures that (V,W) is a weak a-Lyapunov pair for (5.1).

(#7) = (). This implication follows when 0 = Jdp or O = Jp, due to the relations

Topvia) (") < Oopvia)(-) < V'(;-).

It remains to check the case 0 = J;. We take £ € 0,V (x) and, be definition,
let the sequences (zx) and (&) converge to x and &, respectively, such that & €
OpV (zy) for all k. Since (i) already holds for 0 = dp, for each k > 1 there exist
v € F(xy) and a2} € A(2r) N Buay) 4| F (2 Such that

(v — 23) + aV () + W () < 0.

We may suppose that x; — 2* € A(z) N Buw)1|r@)) and vy = v € F(x) as
k — oo. Hence, by taking the limit as £k — oo in the last inequality we get

(&v—a")+aV(zx)+W(x) <0,

as we wanted to prove.

((V,W) is a weak a-Lyapunov pair for (5.1)) = (i7). Take oy € domV and let
x(+;x9) be any solution of (5.1) that satisfies

eV (z(t; w0)) + /Ot W(z(1;20))dT < V(zo) Vt>0. (5.71)

Then, as in (5.30) for some ¢, | 0 we have that

t,: —
v := lim —ﬂ ni To) — To

tnd0 th € F(xo) — (A(wo) N B||F(l’0)||+m(:co))7
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and so, using (5.71),

Vi(x(tn; xo)) — V(xo)

! . . .
V'(zg;v) < hgglogf P
atn __ 1 1 tn
< liminf ( S V(z(tn; zo)) — —/ W(:E(T;Io)d7'>
n—00 n tn 0
< —aV(xg) — W(xy),
and we get (i1). O

5.7 Differential inclusions with prox-regular sets

In this section, we use the previous results to characterize Lyapunov pairs

associated to the following differential inclusion

t(t) € F(x(t)) — Ne(x(t)) ae. t >0,

0 - mec (5.72)

where F' : R" = R” is an L-Lipschitz Cusco mapping and C' is an r-uniformly-

prox-regular set of R™.

Definition 5.24. [63, 73] For positive numbers r and «, a closed set S is said
to be (r, a)-prox-regular at T € S provided that one has z = Ilg(z + v), for all
r € SNB(Z,a) and all v € NE(z) such that [jv|| < 7.

The set S is r-prox-regular (resp., prox-regular) at T when it is (r, a)-prox-regular
at T for some real o > 0 (resp., for some numbers 7, > 0). The set S is said to

be r-uniformly prox-regular when a = 4o00.

When S is r-uniformly prox-regular, the set-valued mapping defined by =
N£(z) NB is -hypo-monotone, and for every = € S we have ([73])

N§(x) = N§(z) = Ng(2) = N§(2),

so that in the sequel we simply write Ng(x) to refer to any one of theses cones.

We shall use the following property of r-uniformly-prox-regular sets.

Lemma 5.25. Given & > 0 and a mazimal monotone extension Ac, of the

mapping N¢(-) N B + £1d, where 1d is the identity mapping, we have for every
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xreC andv € B,
K K
Nc<l’> N B(Q, :‘i) + ;ZE C ACJ{(JI) C Nc(l’) + ;l’, (573)
K
(v—N¢(z))” = (v+ S Acx(x))°. (5.74)
Proof. We refer [5] for (5.73). To verify (5.74) we observe that (by (5.73))
v—Ne(z)NB(6, k) Cv+ gx — Ac(z) Cv— Ne(z).

Then, since ||[v|| < k and, so, (v — Ne(xz) N B(0,k))° = (v — Ne(z))°, we get

(v—Ne(x)NB(O, k) = (v+ gx — Ac k(7)) = (v —Ne(x))°.

The following theorem reviews the main properties of (5.72) (see [5]).

Theorem 5.26. Fizxg € C, w € (F(xo)—Ng(10))°, T > 0 and m > e || F(x)||.
Then:

(i) There exists a solution x(-;x¢) of (5.72) such that 4720) — 1w, and the

di
. + o .
function t — dst(t) 15 right-continuous.

(i1) For every solution x(-;xo) of (5.72) we have, for ae t > 0,

£ (o)

() — zoll < =

(e = 1), [le@)Il < [1F (zo)[l ™. (5.75)

(111) Differential inclusion (5.72) has the same solutions set on [0,T] as the

differential inclusion
ﬂwew+$mmﬁ»ﬂ%ﬂﬂmaﬂtemjyum:%ecmam

where Acm : R™ = R" is any mazimal monotone extension of No(-) N B, +

2Id. Consequently, every solution x(-;x0) of (5.72) on [0,T] satisfies

() € (F(z(t)) — No(2(1))° a.e. t > 0.

Proof. (i) Let v € F(x9) be such that w = v — IIx, () (v), and, according to
Lemma 5.4, let f be a Lipschitz selection of F' such that f(zp) = v. Then the

Lyapunov stability 141



5.7. Differential inclusions with prox-regular sets

following differential inclusion
z(t) € f(x(t)) — Ne(z(t)), x(0) =z, aet >0,
has a unique solution, which satisfies the conditions of statement (¢) (see [5]).

(73) Let x(+; zo) be any solution of (5.72) and fix 77 > 0. By Proposition 5.3, we
choose a function g € L'([0,T1]; R™) such that ¢(t) € F(z(t)) and (see [5, Lemma

9)
(g(t) — x(t),z(t)) = 0 and &(t) € g(t) — Ne(x(t)) a.e. t€0,T}];

hence,

[z < lg@Il < [F@)] < 1F(zo)ll + L [lz(t) — ol - (5.77)

Now, we introduce the function (t) := ||z(t) — xo||*, ¢t € [0,T1]. Then, for all ¢
in a full measure subset of [0, 71] the function z(+; x¢) is differentiable at ¢t € [0, T

and we have, using (5.77),

2(2(t), 2(t) — o)

< 2[z@)| [l=(t) = ol

< 2|[F(@o)|l llo(t) = zoll + 2L [|(t) — ao|”
2Li(t) + 2| F (o) || * (8).

0(t)

So, on the one hand, by Lemma 5.1 we obtain nz(t) < HF(LM(GM — 1) for all
t € [0,T1], and on the other hand, this last inequality together with (5.77) give us
for ae t € [0, T1]

le@)l < [1F@@)] < [1F (o)l + L llo(t) — zoll < | F(zo)l e™.
This proves (5.75).

(z1) If z(-) := x(-; 2p) is a solution of of (5.72) on [0, 7], then by (5.75) we get
for ae t € [0, 7]

[2@)] < m, [|F@)] < [|F@o)ll + Llz(t) — ol < m; (5.78)

that is, using Lemma 5.25,

x(t) € F(x(t)) — Ne(x(t)) N By, C F(x(t)) + szx(t) - AQQm(:z:(t)),
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Thus, due to Proposition 5.6,

#(8) € (F((®) + 2™ 2() — Acam(z()))° for ac t € [0,T], (5.79)

r

and we get, using again Lemma 5.25 and combining with (5.78),
i(t) e (F(x(

(£ (e

C
C
and x(-) is a solution of (5.76).

Conversely, let x(-) := z(-;x9) be a solution of (5.76) on [0,7]. So, according
to Lemma 5.25, we only need to verify that x(t) € C for all ¢t € [0,T]. For this
aim, we take ¢ > 0 such that ||F(xo)|el? + Le < m. Next, given y € C N
B(zo, w +¢) and v € F(y), we have ||v]] < m and, so by Lemma 5.25
it follows that

(H%y—Aam(y))c’ = (1=Ne(¥))® = v—Ix.w)(v) € Te(y) = (Ne(y))'; (5.80)

that is,

sup sup inf  ({,v—2") <0.
§eNc(y) veF(y)+T T*EAC,m (Y)

Then, according to Theorem 5.11, there exists ¢ € (0, 7] such that for every solution
y(+) = y(+;20) of (5.76) we have that y(t) € C for all ¢ € [0,¢]. Hence, by Lemma
5.25, for ae t € [0, 1]

@(t) € (F(x(t) + %iﬂ(t) — Acm(x(1)))” = (F(x(t)) = Ne(z(1)))".  (5.81)

In particular,
[ < [|F(x(2))]] for ae t € [0,1]. (5.82)

In order to prove that we can take t = T we consider the nonempty set
S:={se[0,T]]z(t) € Cforall t € [0, s]}, (5.83)

which is obviously closed, due to the continuity of z(-) and the closedness of C.
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Let the function 7, be defined on [0, ] as
ma(t) = [ (t) = ol|
Then, as we did with function 7 above, by (5.82) we have for ae t € [0, 1],
2(t) < 2@ < [[F@@) < [1F(zo) | + L ll(t) — woll = [[F(xo)|[+Lnz(t),

so that (by Gronwall’s Lemma),

ot~ woll = ey < LGOI = 1) NGl 2 1)

+¢&;

that is, in particular, z(¢) € C' N B(xy, w +¢). So, by arguing as in the

paragraph above (to get (5.76)), we find t; > 0 such that x(t +t) = z(¢; z(t)) € C
for all ¢t € [0,t1]. Hence, the set S is also open and so S = [0,7]. Consequently,
z(t) € C for all t € [0,T], as we wanted to prove. O

Now, we give the characterizations of a-Lypaunov pairs for (5.72).

Theorem 5.27. Let VW : H — RU {400} be two proper lower semi-continuous
functions such that domV C C, W > 0 and let a > 0, and let OV stand for either
0pV or OpV. Then the following are equivalent:

(1) (V,W) is a strong a-Lyapunov pair for differential inclusion (5.72).
(i1) For every x € domV,

sup  sup (§,v — xo @ (v) +aV(z) + W(x) <O0.
€€V (z) veF(x)

(1i1) For every x € domV,

sup  sup inf (& v—a")+aV(x)+W(x) <O0.
£eoV(z) veF(z) T ENc(@)NBpe))

(iv) For every x € domV,

sup V'(z;v —n,@)(v)) +aV (z) + W(z) <O0.
veF(x)
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(v) For every x € domV,

sup inf V'(z;0 — ) 4+ aV(z) + W(z) <0.
veF(z) = ENc(2)NB)p()|

Proof. The implications (i7) = (4i7) and (iv) = (v) follow from the fact that, for
all z € C and v € F(x),

e @ @) = 1ol = [Jo = Txe@ @) < [loll < 1F@)]]-
The implications (iv) = (i7) and (v) = (4it) follow from the fact that
0opv () (1) < Topvia) (1) < V'(z;).

(1) = (iv). Let us fix g € C' and v € F(z). According to Theorem 5.26(i), there

exists a solution x(-;xg) of differential inclusion (5.72) with 2(0) = z( such that
d*z(0)
dt

in Corollary 5.19.

(¢4i) = (i). Let us fix T > 0, g € C and m > e ||F(z¢)|, and denote by
Ac¢,m an arbitrary maximal monotone extension of the monotone operator Ne(+) N
B,, +™21d (see Lemma 5.25), so that by Theorem 5.72(iii) every solution x(-; zy) of
(5.72) on [0,77] is a solution of (5.76). Due to the Lipschitzianity of ' we choose
k € (0,m) and p > 0 such that F(x) € By, for all x € x € B(xo, p). So, the current
hypothesis reads, for all x € B(xg, p) N domV

= v —IIny (@) (v), and the proof follows the same way as the one of (i) = (iv)

sup  sup inf (&v—2a")+aV(z)+W(x) <0,
£€0V (z) veF(z) T*ENc(z)NBy

which can also be written as (see Lemma 5.25)

R e inf  (§v—a") +aV(z) + W(r) <0,

where k' :=k+ sup 2 |z| . Consequently, (i) follows from Corollary 5.19. [
x€B(z0,p)

Theorem 5.28. Let VW : H — R U {400} be two proper lower semi-continuous
functions such that domV C C, W > 0 and let a > 0. Let OV stand for either

OpV or OrV. Then the following statements are equivalent:

(1) (V,W) is a weak a-Lyapunov pair for differential inclusion (5.72).
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(11) For every x € domV,

sup inf inf
geov(z) VEF(z) z*ENc(z)MB)p())|

(i11) For every x € domV,

inf inf V'(z;v — ) 4+ aV(z) + W(z) <0.
veF(z) 2*ENG(2)MB)p(a))

Proof. (iit) = (ii) follows from inequality (5.7).
(17) = (i). Let us fix g € domV C C and T' > 0. We choose m, p > 0 such that
m > e ||F(zo)|| + Lp and a maximal monotone extension Ac,, of the monotone
operator N¢(-)NB,, +71d; hence, according to Theorem 5.26, differential inclusion
(5.72) is equivalent to differential inclusion (5.76) on [0, 7.

Let us first show that for any y € B(z, HF(LM(BLT — 1)) NdomV, there exists

a solution z(+;y) such that
eV (z(t;y)) —{—/0 W (z(r;y))dr < V(y) ¥t e [0,T). (5.84)

where T is the positive number that satisfies the following equation in ¢

(s (IF@+ ) = 2.

2€B(wo, LEEO (eLT 1))

Indeed, fix y € B(zo, &z(’)“(e” —1))NdomV. Then for every z € B(y, p) NdomV,
we have z € B(x, M(e“ — 1) + p), so that by the current hypothesis (ii)

su inf inf v — 2+ aV(2) + W(z) <0,
§€8VIEz) VEF(2)+ T2 Z*GNC(Z)QBHF(Z)”—&-%,Z(S > ( ) ( )

But || F(2)||< || F (o) |+ L(EEA (2t — 1) 4 p) < m, and so

sup inf inf (Ev—2")+aV(z)+ W(z) <0,

geav(z) ’UGF(Z)JF%Z Z*eACym(Z)mBm/+HF(Z)+%ZH

where

m
m = sup (||F(y)||+—||y||>
yeB(zo, LG (ere 1) 1) g

Hence, (5.84) follows from Proposition 5.22 by taking into account that 7' < T ,(y)
for all y € B, & (LT 1)),
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Now, by Theorem 5.26 we know that every solution z(-; zg) of (5.76) satisfies

F
x(t; xo) € B(xo, w(eLT —1)) vVt € [0,T],
and, since T' defined above does not depend on the points in B(xo, w(eLT —

1)) NdomV', we prove as before the existence of a solution x(-; o) of (5.76) such
that

eV (x(t; x0)) —I—/O W (x(1;20))dT < V(xg) YVt € [0,T].

(1) = (4i7). Let us fix g € domV C C and T > 0. By the current hypothesis (i),
there exists a solution z(+; xg),t € [0,T] of differential inclusion (5.72) such that

t
eV (x(t; 20)) +/ W (x(7;20))dT < V(o). (5.85)
0
But by Theorem 5.26(ii), x(-; o) is also a solution of differential inclusion
{E(t) € F(:E(Zf)) — Nc(x(t)) N B||F(x(t))H a.e.t >0, :U(O) =x9 € C.

Hence, z(-; x¢) is Lipschitz on [0, T], and we may take v € limsuptww. So, by

the Lipschitzian property of F', and the upper semicontinuity of the mapping z —

z(tn;To)—T0
T )

NC(I)HB”F(I)”, we get v € F(xo)—NC(xo)ﬂB||F(xo)“. Then, ifv = limtnw
by using (5.85) we get

V'(z0;v) < liminf V{w(tni 20)) = V(o)

n— 00 tn
. et —1 I

< lim inf ( - V(z(t,; z0)) — — W (x(7; :co)d7'>
n—00 tn tn Jo

< —aV(xg) — W(xo),

which shows that (7i7) holds. O

5.8 Examples

In this last section we consider a couple of examples, one on selector-linear

differential inclusions, and the other one on the minimal time function.
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First, we consider the following differential inclusion

z(t) € F(x(t)) — Ne(x(t)) ae. t >0,

(1) € F(a(0) = Ne(a(0)) ae. ¢2 50
z(0) =z € C;

where A; : R" — R", i =1, ..., k are linear mappings,

F(z)=co{A:i=1,..,k} = {Az: A € co(Ay, ..., Ap)},

and C' is an r-uniformly-prox-regular set of R™ such that . It is easy to see that F
is an L-Lipschitz mapping with L := max{||A;|,7 =1, ..., k}.

We apply the results of the previous section to study 6 € C' the stability of
differential inclusion (5.86).

Proposition 5.29. Let § > 0 and 3 € (0,22) be given.

(1) If for every x € C, there exists i € {1,...,k} such that
(@, (A + AD)z) < =3 |l2||”,

then for every xy € C'Nint(Bg), there exists a solution x(-;xo) of (5.86) such

that

|2(t; z0)|| < €20 ||zo|| Wt > 0.

(i1) If for everyi € {1,....k}
A+ AT < —51d,

then for every xo € C' Nint(Bg) and any solution x(-;xo) of (5.86), one has
et o) < €205 o] vt > 0.

Consequently, for any € > 0, o € int(Bg) N C, and solution of (5.86), there
exists t > 0 such that
|z (t; x0)|| <e Vit >t.

Proof. Let us consider the function

Viz) = % 2l + To(x). (5.87)
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It is easy to see that V' is lower semi-continuous and for every x € C', one has
OrV (z) = 2+ N (). (5.88)
Now we chose m > rdel, so that

m > rdel > eb sup ||F(2)]| .
JTEBB

According to Theorem 5.26, for any y € int(Bg)NC differential inclusion (5.86)

is equivalent to the following differential inclusion

z(t) € F(x(t)) — Acm(z(t)) ae t € [0,1],
z(0) =y € int(Bg) N C;

where A¢,p, is a maximal monotone extension of the mapping = +— N¢(2)NB,, + 2
(see Lemma 5.25).

(i) We take z € C'and let i € {1,-- -, k} be such that (z, (4,+AT)z) < =6 ||z||*.
Fix £ € 9pV(z) (= = + Ne(z)). Since Az — IIn,m)(Aiz) € TE(z), from the
definition of r-uniformly-prox-regularity, and the fact that 6 € C', one gets

HN ) All'
(o Mg (A < LoD o Bl 5
and so, using (5.88),
(€, Aiw — @) (Aiw)) < (@, Aiz — Tng () (Aiw))
1
§§< (Ai + AD)z) + (=2, Tng @) (Air))
AZ'ZE
<~ J e+ 122
1L || 2
< = _ .
<5 (“h = 6) i
that is, for every = € int(Bg) N domV and £ € 0pV (x)
Lp
(€ Aiw — ne(@)(Aiw)) + (0 = —=)V(2) < 0; (5.90)

moreover, since ||A;x|| < LB < m, and so (by Lemma 5.25)

A — ng @) (Aix) = (A + %x — Acm(2))° € Ajx + %x — Acm(z) N By,
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with k := 2L + ™3, we also have that

inf inf v—a")+(6——)V(z) <O0.

vEF(z)+ T x*€Ac,m(z)NBy r

Now, we choose T > 0 such that

3(I|F (o)l + | Ac (o) N Te < 38(L + %)76"? < B = loll -

(5.91)

So, according to Proposition 5.22, by (5.91) there exists a Lipschitz solution x(+; x¢)

of (5.76) on [0, 1] such that

O |2t o) | < Ilwoll VE € [0,

Also, since z(T;x0) € By NC C int(Bg) N C, we can find (by extending the

current solution) a solution z(-; z¢) of (5.76) such that

3O~ La(t; 20) | < llao| V2 > 0.

(17). We take x € C, v € F(z), and £ € 0pV (z), where V is defined in (5.87);
hence, v = Zle a; A;x for some «; such that Zle a; =1, and |jv]| < L|z|. As

in the proof of statement (i) above we get

(€0 = lxp@)(v)) < (7,0 = Tng@)(v)

IN

v 1, L]z
P 5 ot < S0y e

and we conclude as above.

We recall differential inclusion (5.72),

t(t) € F(z(t)) — Ne(z(t)) ae. t >0,
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where as before F' : R® == R" is an L-Lipschitz Cusco mapping and C' is an
r-uniformly-prox-regular set of R”. Given a closed set S C C, we consider the

minimum time function 7' : C'— R U {+o00} defined as
T(z) :=inf{t > 0: 3 solution z(-) of (5.72) st. z(0) = z, x(t) € S}.  (5.92)

The following lemma gathers some easy facts on the function 7', which we call

a minimal time function.

Lemma 5.30. (i) T(z) =0ifz€ S, and T(2) >0 if z € C'\ S.
(17) If T'(2), z € C, is finite, then there exists a solution x(-; z) of (5.72) such
that x(T(«); o) € S.

(1i1) For every solution x(-;xq) of (5.72) we have
T(x(s;20)) +s < T(x(t;mo)) +t, forall0<s<t,

and the equality holds for optimal trajectories.
(iw) If t > 0 is such that t < T'(z) < +o0, z € C, then there exists € > 0 such
that
[S + eB] N{x(s;20),s € [0,t],z(-;x0) solution of (5.72)} = 0.

Proof. Statements (i) and (ii7) are clear and follow easily from the definition of
the function 7T

To prove (ii) we assume that T(z) < 400, and let z,(-;2) be a sequence of
solutions of (5.72) such that x,(t,; z) € S for some sequence t,, | T'(z). Then, as
in the proof of Lemma 5.15(i7), we may suppose that z,(+; z) uniformly converges
to a solution z(+;z) on [0,7(z) + 1]. Hence, from the closedness of the set S we
obtain that z(T(2);z) € S.

To prove (iv) we proceed by contradiction and assume that there are sequence
of solutions (z,(+;z)), of (5.72) and sequence (t,), such that ¢, < ¢ and
d(zp(tn; 2),S) — 0. Without lost of generally, we can suppose that (x,(+;2)),
uniformly converges to a solution z(-;z) on [0,¢] (see the proof of Lemma 5.15
(ii)). It follows that x(s; z) € S for some s € [0, ], which contradicts the fact that
t < T(xp). O

We now consider the differential inclusion

(@(2),9(t)) € (F(x(t)) — Ne(x(t)),1) ae. t > 0;

5.93
(2(0),y(0)) = (z0,0) € €' x R, 4%
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so that from Lemma 5.30 it follows that the function (x,y) — T'(x) +y is a weak
Lyapunov function for (5.93), while the function (z,y) — —f(x) —y, where

Pay= | 10 el (5.94)
+00 if v ¢ C,

is a strong Lyapunov function for differential inclusion (5.93).

We get the following result (also see [33]).

Proposition 5.31. Suppose that the minimum time function T as defined in (5.92)

is continuous on C'. Then T is the unique continuous function such that

T(z)=0 forallxzeS,

(5.95)
T(x)>0 forallzeC\S,
and, for any x € C'\ S,
sup  sup inf (Ev—2")—=1<0 (5.96)
¢copT(z) vEF(zx) T*ENC(@)MBr())
sup  inf inf (Ev—a")+1<0. (5.97)

¢eopT(z) VEF () z*ENC(2)NB)p())|

Proof. By Lemma 5.30 and the paragraph before the current proposition, the
minimum time function 7" as defined in (5.92) satisfies T'(z) = 0 for z € S and
T(z) > 0 for z € C'\ S, and the functions (z,y) — T(z)+y and (z,y) — —T(z)—y
(see (5.94)) are respectively weak and strong Lyapunov functions for (5.93). Then,
T and T also satisfy (5.96) and (5.97), thanks to Theorems 5.27 and 5.28.

Now, let V' a continuous that satisfies (5.95), (5.96) and (5.97). We proceed by
steps:

Step (1). We prove in this step that V(z) > T'(x) for all z € C'\ S. We fix
xg € C'\ S and denote

t :=sup{t > 0: Jz(-; xo) solution of (5.72) st. V(z(s;xq))+s < V(xg) Vs € [0,t]}.

Then, due to (5.97), by Theorem 5.28 there exist t > 0 and solution x(-;x¢) of
(5.72) such that
Vi(z(s;2)) +s < V(z) Vs € ]0,1],

so that ¢ > 0. Moreover, if sequences t, /¢ and (z,(-; x9)), are such x,(-;zo) is a
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solution (5.72) and
V(zn(s;x0)) + 8 < V(xg) Vs € [0, ),

then we may assume, without lost of generally, that (z,(-;z¢)), uniformly

converges to a solution Z(+; ) on [0, ], so that, using the continuity of V,
V(Z(s;20)) + 5 < V(xg) Vs € [0,1]. (5.98)

If t < T(xg), then Z(t;20) € C'\ S (as t < T(z0)), and so, by applying again
Theorem 5.28, there exist number § > 0 and solution Z(-; Z(¢;z0)) of (5.72) such
that

V(Z(s;Z(t;20))) + s < V(Z(t;20)) Vs € [0,0].

It follows that the following solution of (5.72)

A (1 o) it [0,
z(t; o) := ’
—

z(t T(t;zo)) if t € [t, 00),

satisfies V(Z(s;z0)) + s < V() for all s € [0,%+ d], which is a contradiction with
the definition of ¢. Hence, we have ¢t = T'(z) so that, by (5.98) and the fact that
V equals 0 on S,

T(xo) = V(Z(T(x0);x0)) + T(x0) < V(xp).

Step (2). We prove that V(z) < T'(x), for all z € C'\ S. We fix zp € C'\ S and
let z(-;z) be any solution of (5.72). Since x(t;x9) € C'\ S for any t < T'(zg), by
(5.96) Theorem 5.27 gives us

V(z(t; o)) +t > V(xg) Vt € [0, T(x)].

In particular, if x(-; zo) is an optimal trajectory we get T'(xo) = V(Z(T(z0); z0)) +
T(xo) > V(x0), as we wanted to prove. O
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Chapter 6

Boundary of maximal monotone

operators values

We characterize the boundary of the values of maximal monotone operators defined
in Hilbert spaces, by means only of the values at nearby points, which are closed
enough to the reference point but distinct of it. This allows to write the values of
such operators using finite convex (2-)combinations of the values at such nearby
points. We also provide similar characterizations for the normal cone to prox-

regular sets.

6.1 Introduction

Given a continuous convex function ¢ : R” — R, according to [24, Theorem 3.1] the
topological boundary of the Fenchel subdifferential of ¢ is completely characterized
by means of the values of such subdifferential mapping at points, which are closed
enough to the reference point but distinct of it. More specifically, for every x € R"

we have that
bd(dp(z)) =Limsup dp(y). (6.1)

y—~>¢x
This characterization has been shown useful for many stability purposes of

parametrized semi-infinite linear programming problems, given in R" as ([44])

minimize dx
P(c,a,b): _
subject to ajx < b, t €T,

for compact space T" and continuous functions a and b on T'. The characterization

above was the main ingredient in [23-25] to derive point-based explicit expressions
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for the so-called calmness moduli of the associated feasible and optimal solutions
set-valued mappings; we refer to [50, 51, 53] for more details on this calmness
property. For instance, if F, : C(T,R) — R" denotes the feasible set-valued
mapping,

Fob) ={z e R": ajx < b Vt € T},

then the calmness modulus of F, at a point (b, Z) in its graph, given implicitly as

_ d b
clmF, (b, z) := limsup M,
x—T, b—b d(ba b)
2E€Fq(b)

is rewritten in the more explicit form (using the convention § = +00)

clmfa(b,x)=< lim inf d*(O,as(as)))_l,

=z, s(z)>0

where s : R®™ — R is the convex continuous function given by
/!
s(x) := max{a,x — b
() = manclajz — b},

and whose subdifferential mapping can be easily estimated by means only of the
data vectors a and b. From a qualitative point of view, the calmness of the mapping
Fa,say clmF,(b, 7) > 0, is equivalent to the fact that the function s has an (global)
error bound at Z (see [66, 67]).

At this stage, if, in addition, the set F,(b) turns to be the singleton {z}, in
which case s(x) > 0 iff  # Z, then formula (6.1) goes into the play and entails a
point-based expression of the calmness modulus of the mapping F,, that is given
by

clmF, (b, 7) = (d.(0,bd(ds(z)))) "

It is worth observing that in the framework of semi-infinite linear programming
problems, this singleton’s assumption is required for the solutions set-valued

mapping and not for the feasible set-valued mapping (see [23-25] for more details).

For the aim of adapting this kind of analysis in a further research to more
general semi-infinite linear programming problems with a non-necessarily compact
index set T, so that the function s above lacks to be continuous, we extend in
this paper formula (6.1) to the class of proper and lower semi-continuous convex
functions. More generally, we establish similar characterizations for maximal

monotone operators in the setting of Hilbert spaces. The first result given in
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Theorem 6.5 asserts that given a maximal monotone operator A : H = H, for all
x € H we have that

bd(A(x)) =Limsup bd(A(y)) =Limsup A(y),
y*):ﬁw y~>¢(£
where the Limsup is taken with respect to the norm. As a consequence, we prove

that the value of A at x can be expressed using only different nearby points in the
sense that for every x € H such that bd(Ax) # ) it holds (Theorem 6.12)

A() = Nei(doma) () + cog {Limsup A(y)} ,

y%ix

where co, is the set of all the segments generated by the elements of the underlying
set, and N¢j(doma) (x) is the normal cone in the sense of convex analysis to the closure
of the domain of the operator A. Characterizations of similar type are given for
the faces of the values of A, see Theorem 6.9. Extensions to nonconvex objects,
as prox-regular sets and functions, is also considered in Theorems 6.15 and 6.18.

This paper is organized as follows: After Section 6.2, dedicated to present the
necessary notations and the preliminary tools, we give the main result in Section
6.3: Theorem 6.5 characterizes the boundary of the values of maximal monotone
operators, while Theorem 6.12 recovers the values of such operators using these
boundary points. Theorem 6.9 specifies such characterizations to the faces of the
values of maximal monotone operators. In Section 6.4 we extend this analysis
to non-convex objects, which are the normal cone to prox-regular sets (Theorem
6.15) and the subdifferential of prox-regular functions with uniform parameters
(Theorem 6.18).

6.2 Notations and preliminary results

In this paper, H is a Hilbert space endowed with inner product (-, -) and associated
norm ||-||. The weak topology on H is denoted by w, while the strong and weak
convergences in H are denoted by — and —, resp. We denote by B(z, p) the closed
ball with center x € H and radius p > 0; in particular, we write B, := B(#, p).
The null vector in H is denoted 6. Given a set S C H, co(S) and coq(S) are

respectively the convex hull of S and the set

coy(S) :={as; + (1 —a)sy : a € [0,1], 51,80 € S}.
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Observe that coy(S) coincides with co(S) when H = R, but the two sets may be
different in general. By int(S), bd(S) and cl(S) (or, indistinctly, S), we denote
the interior, the boundary and the closure of S, respectively. The indicator, the

support and the distance functions to the set S are respectively given by

Is(z) :=0 if x € S; +o0 otherwise, og(z) :=sup{(z,s):s e S},
ds(x) = if{llz — yll: v € S}

(in the sequel we shall adopt the convention infy = +00). We shall write 5 for the
convergence when restricted to the set S, and y —» = when y — x with y # .
We denote Ilg the (orthogonal) projection mapping onto S defined as

Hs(z):={y €5 [lz —yll=ds(2)}.

Next, we review some classical facts about convex functions and monotone
operators; we refer to [21, 86] for more details. Given a function ¢ : H — RU{+0o0},
we say that ¢ is proper if its domain domy := {x € H : p(z) < +0o0} is nonempty,
lower semi-continuous if its epigraph epip := {(z,\) € H xR : p(z) < A} is closed,
and convex if its epigraph is convex. If ¢ is convex, the Fenchel subdifferential

mapping of ¢ as x € domep is defined as

Op(x) :={z" € H : (z%,y —x) < o(y) —p(x) Vy € H},
and 0p(x) := () when = ¢ domep. The normal cone to a closed convex set S C H
is Ng(z) := 0lg(z) for z € H.

Given a set-valued operator A : H = H, the domain and the graph of A are
given by
domA :={z € H: A(z) # 0}, Gr(A) := {(z,z*) : 2* € A(2)}.

The operator A is said to be monotone if

(x1 — x9, 2] —x3) >0 for all (z1,27), (z2,25) € Gr(A),

and mazximal monotone if, in addition, A coincides with every monotone operator
containing its graph. In such a case, it is known that cl(domA) is convex, and

that Ax is convex and closed for every z € H. Hence, the minimal norm element
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of Ax; that is,
A°(z) :={z" € A(z) : ||=*||= min ||z},
z*€A(x)

is well-defined and unique.

Finally, given multifunction F': H = H we denote

Limsup F(y) :={2" € H: Jy, =z, y, — 2", st. y, € F(y,) VYn > 1},

Yy—T
Limsup F(y):={z* € H: 3y, =z, y, — =", st. y. € F(y,) Yn > 1},
y—x

w— Limsup F(y) :=={2" € H: 3y, =z, y, — x*, s.t. y: € F(y,) Yn > 1}.

Yy—x

6.3 Boundary of maximal monotone operators

In this section, we give the desired property which expresses a given maximal
monotone operator A : H = H, defined on a Hilbert space H, by means of its

values at nearby points.

Definition 6.1. Given x € domA and v € H, we define the set A(z;v) C H as
A(z;v) == {z* € A(z) : (2%,v) = 0a@w)(v)},
with the convention that A(z,v) = 0 when o 4(;)(v) = +o0.

Since A(z), x € domA, is convex and closed, A(z;-) coincides with the
subdifferential mapping of the proper, convex and lIsc support function ces(,). As a

consequence, the following remark resumes some easy properties of the set A(x;v).

Remark 6.2. Given z € domA and v € H, we have:

(i) A(z;v) is convex and closed (possibly empty), and nonempty whenever the
set A(x) is bounded.

(ii) A(z;0) = A(z), and if v # 0 then A(x;v) is a subset of bd(A(x)). In the last

case, we refer to A(x;v) as the face of A(x) with respect to the direction v.

(iii) A(z;av) = A(x;v) for any v # 0 and « > 0; thus, the face A(x;v) depends

only on the direction v.

We shall need the following lemma.
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Lemma 6.3. (see, e.g., [30]) For any nonempty closed convezr set S C H, the set
of points s € bd(S) such that Ng(s) # {0} is dense in bd(S).

Proposition 6.4. Let x € domA and v # 6 be given. Then we have that

bd(A(z)) = cl (U A(x;v)) .

v#£0

Proof. The inclusion “ D7 being obvious, due to the definition of the set A(z;v),
we only need to prove the inclusion “ C 7. Take an arbitrary vector £ € bd(A(x)).
According to Lemma 6.3, there exists a sequence (§,), C bd(A(x)) such that
& — € and Nyp)(&n) # {0}. Hence, for each n there exists v, # 6 such that
Un € Na)(&) = Olaw) (&), or, equivalently, &, € doea()(vn) = A(x;v,); that is,

EECI(UA(x;u)). O
v#£0

Theorem 6.5. For every x € H we have

bd(A(z)) =Limsup bd(A(y)) =Limsup A(y).
Y—£T Y—£T
Proof. To prove the first statement of the theorem we proceed by verifying the

following inclusions, for every fixed = € H,

bd(A(z)) CLimsup bd(A(y)) CLimsup A(y) C bd(A(x)). (6.2)
Y—A£T Y—£T
First, we observe that when = ¢ domA, these inclusions follows since that, using

the norm-weak upper semicontinuity of the (maximal monotone) operator A,

) =bd(A(z)) CcLimsup bd(A(y)) CLimsup A(y) C A(z) = 0.
YT YT
So, we may assume that x € domA. Also, if bd(A(z)) = (), then we would have
that A(z) = H, so that domA = {2z} and this leads to

Limsup bd(A(y)) =Limsup A(y) = 0;
YT YT
that is, the conclusion of the first statement is also true in this case.
From the observation above we assume now that bd(A(z)) # 0. Take z* €
bd(A(z)) (C A(z)). According to Lemma 6.3, for each n > 1 there exists z €
bd(A(z)) such that |z} — z*||< 2 and N (2%) # 6; hence, xf, = 4 (vy,) for

n
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some v, € H\ A(x). We fix n > 1 and consider the following differential inclusion
2(t) € v, — A(2(t)) t €[0,1], 2(0) = =,

which (see, e.g., [21]) possesses a unique solution z,(-) that satisfies z,(t) € domA
for all ¢ € [0, 1], and such that the function

dtz,(t)

i
dt

= (vn — A(2a(1)))° = vn — Az, 1)) (Vn) (6.3)
is right-continuous on [0, 1). In particular, one has

d*2z,(0)
dt

= (Un - A(Zn(O)))O = (Un - A(m))o = Up — HA(:(:)(Un) = Un — xZ;

hence, since v, — z # 6, we get z,(t) # x for all small ¢t € [0,1). Then, from
the right-continuity of % and the expressions in (6.3), there exists a sequence
ty 4 0 such that 2}, = e, 4,))(va) — 7, as k goes to +oo, and z,(tx) # z for
all k > 1. We observe that 2, € bd(A(z,(tx))) for all k& > 1 is a cofinite set,
because for otherwise, since 2, € A(z,(t)) we would have 2 , € int(A(z,(t)))
for all £ in a cofinite set K, and this would lead to v, € A(z,(t;)) for all k € K.
Consequently, as z,(tx) — = when k goes to +00, the maximal monotonicity of
A would give us v, € A(x), which is a contradiction. Now, we may choose a
diagonal sequence (2, ), such that 27, — 2% as n — 400, and this shows that
x* €Limsup bd(A(y)), which yields the first inclusion in (6.2).

Y—£T

We take now z* €Limsup A(y), so that z* = lim x} for some x € A(z,) with
= n—00

xn, — x and x, # x. Then by the norm-weak upper semi-continuity of the operator
A, we deduce that z* € A(x). Thus, it suffices to prove that z* € H \ int(A(z)).
Proceeding by contradiction, we assume that z* + rB C A(x) for some r > 0.

Then, using the monotonicity of A, for every n > 1 one has that

(a7 — <x*+rﬂ> Jx, — 1) >0,

[ — ]
which gives

Tp — X
s =l — 212 (o =%, =) 2 (e w — ) = i — o)
n

that is, ||z —2*||> r for every n > 1, and this contradicts the convergence of (z*)
to z*. Hence, x* € bd(A(z)) and we conclude the proof of (6.2). O
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It easily follows from Theorem 6.5 that

bd(A(z)) C LimsupA(y) C w — LimsupA(y),

Y—£T Y—=£T
but the last inclusion may be strict, as the following example shows.
Example 6.6. Assume that (e, ),en is an orthonormal basis for H, and consider
the maximal monotone operator A := 9|-||. So,

T

A(0) =B(0,1) and A(x) = Tl

for all z # 6.

We observe that the sequence (%), strongly converges to 6, and

A =€, — 0 € int(B(6,1)) = int(A(6)).

n

We give an interesting corollary of Theorem 6.5.

Corollary 6.7. For every x € H we have

d(0,bd(A(z))) = liminf d(0, A(y)).

Y—A£T

Consequently, if x is such that 6 & int(A(x)), then

147 (2)[|= lim inf [ A® (y)]].
Y—£T

Proof. Tt suffices to consider the case when x € domA, because otherwise both
sides of the equality are equal to +oc.

We may distinguish two cases: If 6 ¢ A(x), then d(0,bd(A(z))) = d(0, A(z)) =
| A°(x)]|. Thus, according to Theorem 6.5 there are sequences (y,), (y:) C H such
that

Yn =2 T, Yp € A(yn), and y;, — A°(z) as n — +o0.

Hence,

|A°(z)||= lim ||y, ||> liminf n — cod(0, A(y,)) > liminf d(0, A(y)),

y~>¢x

and so d(6,bd(A(x))) = ||A°(z)||> liminf d(0, A(y)). Hence, if liminf d(0, A(y)) =
y%;,ga: y~>¢x

400, then the first equality of the corollary obviously. Otherwise, we suppose that

liminf d(6, A(y)) < « for some o € R, and let sequences (y,), (y:) C H be such

Y—£X
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that
Yn >7$ x, y:(z € A(yn)7 and lim ||y:;|| < Q.
n—00

Thus, taking into account Theorem 6.5, we may suppose that v — z* € bd(A(z));
that is,

d(0,bd(A(z))) < [|l2*]| < o
We get the desired inequality “ < 7 when « goes to liminf d(6, A(y)), and this

y—>¢x
completes the proof of the first statement.
To prove the last statement, we observe that under the current assumption, we
have that ||A°(z)||= d(0, A(z)) = d(0,bd(A(x))), and so it suffices to use the first

statement of the theorem. OJ

Corollary 6.8. For every x € H such that A(z) is a nonempty bounded set, we
have

[A(z) [ < limsup|[A(y)]l,

y~>¢1‘

and, when H is finite-dimensional,

| A(z)||= lim supl| A(y)||
YT
Proof. Let x € H be as in the corollary. Then for any € > 0 there exists
x* € bd(A(x)) such that ||z*]|> ||A(x)||—e. According to Theorem 6.5, there exist

sequences y, — x and y* € A(y,) such that y, # = and y* — z* as n — +o0.
Thus,

lim sup||A(y)||> lim sup||A(y,)[[> lim [jy;]|= [|2"[[> ||A(z)]| e,
Y= n—-+o0o n—oo
and the desired inequality follows when € goes to 0.

We assume now that H is finite-dimensional, so that according to the first

statement we only need to prove that

| A(z)[|> lim sup||A(y)]-

Y—+£T

Indeed, if lim sup||A(y)||= 400, then since A is locally bounded in int(cl(domA))
YT
(when this set is nonempty), it follows that = € bd(cl(domA)). Hence,

Nai(domay () # {0} and the equality A(z) = A(x) + Nodoma)(z), which comes

from the maximality of the operator A, entail the contradiction ||A(z)||= 4oc.
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Consequently, we may suppose that limsup|[A(y)||< +oo. We let a sequence
y~>¢z
(Yn, ¥ )n C Gr(A) be such that y,, — z, y, # x and limsup||A(y)||= lim ||y}||. We
y_>;£z n—oo
may also assume that the sequence (y7), converges to some z* € A(z). Then

JA@)> Jl2*[I= lim 1y 1= limsupl A
y%#r

as we wanted to prove. ]

The following result concerns the faces of the values of maximal monotone

operators.
Theorem 6.9. For every x € domA and v # 6 we have

A(z;v) = LimsupA(x 4 tw) = LimsupA(z + tw) = w — LimsupA(z + tw).

w—v, tl0 w—wv, t}0 w—v, t}0

Proof. We fix z € domA and v # 6, and take 2* € A(z;v). From Definition 6.1, we
have that v € (Jcear)) ' (2*) = Na(y)(2*), which ensures that 2* = 4, (z* + v).

Let us consider the following differential inclusion
2ty ex"+v—A(2(t) t >0, 2(0) ==x.

As in the proof of Theorem 6.5, this differential inclusion has a unique solution
z(+) such that

L dtel) o d72(0) . o _ (o N
ltlfgl e ltlf(ljl(x +v—A(z(t)))° = P (" +v—A(2))° = (z"4+v)—z" = v.
(6.4)
We denote "
« " z n — X
xn = HA(Z(%))((% + U), Wy, = T,
z 1 z
hence, (6.4) ensures that % = (z*+v—A(z(2)° =z +v—x} > % =0

Therefore, as n — +00 we obtain that

d*z(0)
a

and so

1 1
¥ = lim z; C LimsupA(z(—)) = LimsupA(z + —w,,) C LimsupA(z + tw),
n

n—00 n—o00 n n—o00 w—v, t10
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showing that

A(z;v) C LimsupA(z 4 tw) C LimsupA(z + tw).

w—v, t0 w—wv, t}0

Thus, since A(x;v) C LimsupA(x + tw) C w — LimsupA(z + tw), we only need to

w—v, t10 w—v, tJ0
verify that
LimsupA(z + tw) C A(z;v) and w — LimsupA(x + tw) C A(z;v). (6.5)
w—v, t}0 w—v, t0

To see the first inclusion, we take x* € LimsupA(z + tw), so that z* = lim,, = for
w—wv, t}0

some sequences (x}), (w,) € H, (t,) C Ry, such that z} € A(z + t,w,), w, — v,
and t, | 0. It follows by the maximal monotonicity of A that x* € A(x), and for
all £ € A(x)

(x) — & wy,) = ti(:p; &+ tyaw, —x) > 0.

So, by taking the limit as n — +oc we obtain that (z*,v) > supgca)(§,v) >
(x*,v), which shows that * € A(x;v), and the first inclusion in (6.5) follows. We
conclude the proof of the theorem because the second inclusion in (6.5) can be

obtained using the same arguments as in the first inclusion. O]

The following example shows the necessity of moving the vector v in the

expression of Theorem 6.9.

Example 6.10. Consider the maximal monotone operator A defined on H as
A(x) :== o + Nggq)(2),

and let x, v € H \ {#} be such that
|z|]|=1 and (v,z) = 0.

Then one can easily check that A(z) = [1,4o00] , and so

A(z;v) = {x* € A(x) : (x*,v) = sup ({,v) = sup (azx,v)= 0} = A(z).

E€A(x) a€[l,4o0[

But for any ¢ > 0 we have that A(z + tv) = (), which shows that

w — LimsupA(z + tv) = LimsupA(z + tv) = 0.
t40 £40
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In Theorem 6.12 we give the expression of the values of maximal monotone
operators by using the values at nearby points. We need first to check the following

lemma.

Lemma 6.11. Given x € domA, for every x* € A(x) it holds
Nai(domay(®) = {v € H : 2" +tv € A(x), Vt > 0} =: doo(A(x)). (6.6)

Proof. Since the operator A+Ni(doma) is monotone and Gr(A) C Gr(A+Na(doma));
the maximality of A ensures that A(x) 4+ Nedoma) () = A(z), which implies that
Nel(doma)(2) C ds(A(x)). Take now v € ds(A(x)), so that z* + tv € A(x) for all
t > 0. Then, by the monotonicity of A we get

(" — (z" +tv),y —x) > 0 Vy" € A(y), Vt >0,
which in turn leads to
(y* —x*y —x) > t(v,y —x) Yy* € A(y), vVt > 0.

Hence, (v,y—x) < 0 for every y € domA, and we deduce that v € Neoma)(z). O
Theorem 6.12. For every x € domA such that bd(A(z)) # 0 we have that

A(2) = Nei(doma) () + coz {LimsupA(y)} _

y~>¢:v

Proof. First, according to Theorem 6.5, ensuring that bd(A(z)) = LimsupA(y),
Y—£T

and to the maximal monotonicity of the operator A, ensuring that A = A +
Nei(dom4), We only need to prove the following inclusion when int(A(z)) # 0,

int(A(z)) C Ne(doma)(x) 4 cog {bd(A(x))} . (6.7)

Given z* € int(A(x)), we fix z§ € bd(A(x)) and introduce the set
Si={zg+tla” —xjp) : t > 1}

On the one hand, if SNbd(A(z)) = (), then S C A(x) and, due to the convexity
of A(x), we obtain xj + Ry (z* — ) C A(x). Hence, thanks to Lemma 6.11 we
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deduce that * — x5 € Nejdom A)(x), and so we get
" e JJS + Ncl(domA)(x) C Ncl(domA) (I‘) + COQ{bd(A(x))},

which yields (6.7). On the other hand, if SNbd(A(x)) # (), then there exists some
t > 1 such that z* = xf + t(2* — x) € bd(A(x)). Thus, we get

P %z* + (1 — %)x(’; € coa{bd(A(x))} C Neyoma)(7) + coo{bd(A(x))},

and this completes the proof of the theorem. O

6.4 Prox-regular analysis

In this section, we extend the results of the previous section to two classes of
operators of nonsmooth analysis, the normal cone to uniformly r-prox-regular
sets, and the class of prox-regular extended-real-valued functions with uniform

parameters. As before, we work in the setting of a given Hilbert space H.

We start by giving the definition of the proximal normal cone.

Definition 6.13.

([30]) Given a set C' C H and z € C, the proximal normal cone to C' at z, denoted
by NZ(z), is the set of vectors 2* € H for which there exists m > 0 such that

(z*,y—2x) <m|y—z|* forally e C.

Definition 6.14. (/63]) For positive numbers r and «, a closed set C' is said to
be (r,a)-prox-regular at T € C provided that one has = = Ig(x + v), for all
r € CNB(T,a) and all v € NE(z) such that ||v||< r. The set C is r-prox-regular
(resp., prox-regular) at T when it is (r, a)-prox-regular at Z for some real a > 0
(resp., for some numbers r, & > 0). The set C'is said to be r-uniformly prox-regular

when a = +00.

The following theorem describes the boundary set of the normal cone of a
uniformly r-prox-regular set, by means of its values at nearby points, which are
different from the reference point. We also characterize such normal cone by

means of their boundaries points. Recall that the Bouligand tangent cone of a
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prox-regular closed set C' at x € C' is given by
Te(z) == (Na(@)"

Theorem 6.15. Let C' C H be a uniformly r-prox-reqular set. Then for every
x € C' we have that

bd(N&(2)) = Limsup bd(N&(y)) = LimsupN&(y). (6.8)

y%;&x y%;ﬁw

If int(Te(x)) # 0, then

N&(z) = cos {bd(N&(z)) } = cos {LimsupNg(y)} : (6.9)

y—>¢z
Proof. First, we observe that the inclusions

bd(N§(z)) € Limsup bd(N5(y)) C LimsupN§(y), (6.10)

Y= 2T Y—=£T

follow as in the the proof of Theorem 6.5, since the following differential inclusion,
A(t) € f(2(t) = NE(2(1) te[0,1], 2(0) =z € C,

for a given Lipschitz function f : H — H, also possesses a unique solution

z(+) such that the function d+dzt(’) is right-continuous on [0,1[ and A0

dt
(f(2(t)) = NE(2(1)))” for all ¢ € [0,1] (see [5, Theorem 4.6] for more details).

We are going to prove the converse inclusions of (6.10). We take & €
LimsupN&(y), and let the sequences (y,,) and (&,) be such that
y—>¢x

En € NC(Yn), Yn = 2, &u — & a3 0 — +o0;

hence, we may suppose that for some M > 0 we have that &, € N5(y,,) N By, for
all n € N. Next, using the r-uniform prox-regularity of the set C', we obtain that
¢ € NE(x) ([63]). We claim that £ € bd(NE(z)). Proceeding by contradiction, we
assume that for some positive number p such that p < M it holds ¢ +B, C N&(z);

that is,
Yn — T

”yn —ZEH

Now, using the monotonicity of the mapping « — N&(z) N Bay + 22z (see [63]),

E+p € N&(z) Vn € N.
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we get

Yn — T 2M
+
Hyn - :L‘H r

2M
(e + —yn— (E+p x),yp —x) >0 foralln >1,
r

which implies that

2M 2M
160 = Elllyn = 2l+=—llyn = 21°> (& = & v — @) + —=llyn = 2> pllg — 2,

and, dividing by ||y, — z||,

2M
1€n — §||+T||yn —z||> p,

which is a contradiction. Hence, £ € bd(N5(z)) and (6.10) holds as equalities.
In this last part of the proof, we assume that int(T¢(x)) # (; that is, there
exist v € H and n > 0 such that v + B,, C int(T¢(x)). According to the first

statement of the theorem we only need to prove that
int(N&(z)) C cop {bd(NE(2))} (6.11)

We take & € int(NE(x))\ {0}, so that —¢ ¢ NE(x) by [76, Exercise 9.42] (the proof
of [76, Exercise 9.42] can be easily extended to the current infinite-dimensional
setting), and hence we can choose 2* € bd(NE(z))\ {6}. Let us show that for some
to > 0 we have that & + to(§ — to2*) ¢ NE(z). Otherwise, & + (¢ — t2*) € NE(2)
for all t > 0, and we get

14+t
t2

¢ — 2z e NE(z) vt >0,

which as t — +oo gives us —z* € NE&(z), which contradicts the nonemptyness
of the set int(To(z)) (again by [76, Exercise 9.42]). Then, there exists some
B € (0,1) such that w* := £+ Bte(£ —tyz*) € bd(NE(z)), and hence £ = ﬁw* +

Plo_(tyz*) € cop {bd(NE(z))} . O

1+Bto

In this last part of the paper, we extend the results of Section 6.3 to the

proximal subdifferential mapping of lower semi-continuous functions.

Definition 6.16. [19, Definition 3.1. ] Given a lower semi-continuous function

f:H — RU{+o0} and x € domf, a vector z* € H is called proximal subgradient
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of f at x, written z* € Jp f(x), if there are p,d > 0 such that

fy) > fl)+ (&*,y —x) — 6|y — z||?, Yy € B(z, p).

A vector z* € H is called limiting subgradient of f at x, written £ € Jr f(z), if
there are sequence (zy), (z3) C H such that
Tt =w— klirn Ty, o —> @, f(zg) — f(), z), € Op f(z).
—00
Definition 6.17. [19, Definition 3.1. | A function f: H — RU {+o0} is said to
be prox-regular at € domf with uniform parameters if there exist €, > 0 such

that for any v € 9r,f(Z), one has, for all (z,v) € Gr(d.f) satisfying ||z — Z||< &,
[f(z) = f(z)|< € and [lv - 0] <,

F(@) > fla) + (v, 2 —a) — ng' — 2| V2’ € B(z, ¢).

It is worth observing that for prox-regular functions with uniform parameters
f at z € domf, we have that dpf(Z) = J,f(Z), and, in particular, if f is convex,
then Op f(Z) = 0f(Z). In the following result, we give the counterpart of Theorem

6.5 to the proximal subdifferential mapping of prox-regular functions.

Theorem 6.18. Let f: H — RU{+o0} be a lower semi-continuous function and
let x € domf. If f is proz-regular with uniform parameters on a neighborhood of x

with the same parameter r > 0, then

bd(9pf(x)) = Limsup Ip.f (),

Y—+£T

and, provided that bd(dp f(x)) # 0,

Opf(x) = Naoms () + coz {Limsup 3Pf(?/)} .

Y—£T

Proof. According to [19, Proposition 3.6], the current prox-regularity assumption
entails the existence of an open convex neighborhood U of x and a lsc convex

function g such that
,
F(y) = 9y) = 5llyll* ¥y € U; (6.12)

hence, dpf(y) = dg(y) — ry for all y € U. Thus, since dg is a maximal monotone
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operator [75], by applying Theorem 6.5 we get

bd(0pf(x)) = bd(dg(z) - rz)
= bd(9g(z)) —rz
= Limsupdg(y) — rx

Y—£T

= Limsup(dg(y) — ry)

Y—£T

= Limsup(0rf(y)),
YT
which yields the first conclusion.
To prove the second statement we observe that domf N U = domg N U, which
yields Naom(2) = Naomg(x). Thus, sine bd(9g(z)) = bd(dp f(x)) + rx # 0 due to
the current assumption, by applying Theorem 6.12 and taking into account (6.12)

we get
Opf(z) = Og(x)—rx
= Ncl(domag) (ZL’) =+ €Oy {lesup(ag(y) - Ty)}
Y—£T
= Naoms(2) + coz {Limsup(apf(y))} :
Y— 4T
where we used the fact that cl(domdg) = cl(domg) (see, e.g. [86]). O
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Chapter 7

Future work

We are interested in the Lyapunov stability of the following differential inclusion
(t) € —A(t)(z(t)) + f(z(t)), t >0,2(0) = zo € domA(0), (7.1)

where f : H — H is a Lipschitz mapping, and for each t > 0, A(t) : H = H is
maximal monotone operator and A(-) is absolutely continuous.

Existence and unicity solutions of (7.1) have been already studied by S. Saidi and
M. Yarou [84].

Recently, Colombo and Palladino [33] provided strong and weak invariant
characterizations for the following differential inclusion which is called sweeping

process
&(t) € =N (z(t)) + f(t,z(t)) a.e. t > 0,2(0) = xo € C(0),

where C'(t) is uniformly prox-regular. We see that if all C(t) are closed convex
sets, then it becomes a special case of (7.1). If C(t) = C for all t > 0 and f does
not depend on time ¢, then the results of [33] and the results of Section 6, Chapter

5 coincide.
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Titre these francais: Contribution a la stabilité de Lyapunov
non-réguliere des inclusions différentielles avec opérateurs monotones
maximaux

Dans cette these de doctorat, nous apportons quelques contributions a la stabilité
de Lyapunov non-réguliere des inclusions différentielles de premier ordre avec
opérateurs monotones maximaux, dans un cadre Hilbertien de dimension infini.
Nous fournissons des caractérisations explicites, primales et/ou duales, des paires
de Lyapunov faibles et fortes, dont les fonctions sont semi-continues inférieurement
a valeurs réelles étendues, et associées a des inclusions différentielles dont la partie
de droite est gouvernée par des perturbations Lipschitziennes des operateurs dits
Cusco F, ou des opérateurs monotones maximaux A, ou les deux a la fois

&(t) € F(x(t)) — A(z(t)) t >0, 2(0) € domA.

De maniere équivalente, nous étudions 'invariance faible et forte des ensembles
fermés pour ces inclusions différentielles. Comme dans L’approche classique
de Lyapunov a la stabilité des équations différentielles, les résultats présentés
dans cette these n’utilisent que les données du systeme différentiel; c’est-a-dire,
Iopérateur A et la multifonction F', et donc pas besoin de connaitre les solutions,
ni les semi-groupes générés par les opérateurs monotones en question. Parce
que les paires de Lyapunov sont formées pars des fonctions qui sont simplement
semi-continues nférieurement, et les ensembles invariants ne sont que ensembles
fermés, nous faisons usage dans cette these a des outils de I’analyse non-lisse, afin
de fournir des criteres du premier ordre, utilisant des sous-différentiels généraux
et des cones normaux.

Nous fournissons une analyse similaire pour les inclusions différentielles gouvernées
par le cone normal proximal a des ensembles prox-réguliers. Notre analyse ci-
dessus, nous a permis de présenter ces systemes prox-réguliers d’apparence
plus générale, comme des inclusions différentielles avec opérateurs monotones
maximaux. Nous utilisons aussi nos résultats pour étudier la géométrie des
opérateurs monotones maximaux, et plus précisément, la caractérisation de la
frontiere des valeurs de ces opérateurs seulement au moyen des valeurs situées
a proximité, distinctes du point de référence. Ce résultat a des applications
dans la stabilité des probléemes de la programmation semi-infinie. Nous utilisons
également nos résultats sur les paires de Lyapunov et les ensembles invariants
pour établir une étude systématique des observateurs de type Luenberger pour des
inclusions différentielles avec des cones normaux a des ensembles prox-réguliers.
La these est organisée comme suit: Au chapitre 1, nous expliquons les principaux
objectifs de la these, la méthodologie que nous suivons et nous donnons un
aper¢u des principaux résultats. Nous faisons aussi dans ce chapitre un apergu
général de la théorie de Lyapunov, et nous présentons les principales réalisations
et les différents résultats que nous avons trouvé dans littérature et qui ont, en
quelques sortes, guidé les travaux de cette these. Au chapitre 2, nous présentons
les principaux outils et résultats préliminaires dont nous avons besoin dans notre




analyse. Au chapitre 3, nous donnons les caractérisations souhaitées des paires
de Lyapunov et des ensembles invariants pour des inclusions différentielles avec
des perturbations Lipschitzienne des opérateurs monotones maximaux, Quant
au Chapitre 4, nous étudions les inclusions différentielles avec des perturbations
Lipschitzienne des cones normaux proximaux. Ce chapitre comprend 'application
a la conception des observateurs de type Luenberger. Au chapitre 5, nous étudions
les inclusions différentielles avec des perturbations Lipschitziennes de type Cusco
des opérateurs monotones maximaux. Au Chapitre 6, nous donnons un résultat
sur la géométrie des opérateurs monotones maximaux, et nous décrivons la limite
de leurs valeurs. Enfin, nous donnons au chapitre 7 un résumé des résultats
obtenus.

Mots clés : Inclusions différentielles, operateurs monotones maximaux,
fonctions de Lyapunov, ensembles invariants, ensembles prox-réguliers, opérateurs
de type Cusco.



Titre these anglais: Contribution to Nonsmooth Lyapunov Stability of
Differential Inclusions with Maximal Monotone Operators

In this PhD thesis, we make some contributions to nonsmooth Lyapunov stability
of first-order differential inclusions with maximal monotone operators, in the
setting of infinite-dimensional Hilbert spaces. We provide primal and dual explicit
characterizations for parameterized weak and strong Lyapunov pairs of lower
semicontinuous extended-real-valued functions, referred to as a—Lyapunov pairs,
associated to differential inclusions with right-hand-sides governed by Lipschitz
or Cusco perturbations F' of maximal monotone operators A,

(t) € F(x(t)) — A(z(t)) t >0, 2(0) € domA.

Equivalently, we study the weak and strong invariance of sets with respect to
such differential inclusions. As in the classical Lyapunov approach to the stability
of differential equations, the presented results make use of only the data of the
differential system; that is, the operator A and the multifunction F', and so no
need to know about the solutions, nor the semi-groups generated by the monotone
operators. Because our Lyapunov pairs and invariant sets candidates are just
lower semicontinuous and closed, respectively, we make use of nonsmooth analysis
to provide first-order-like criteria using general subdifferentials and normal cones.
We provide similar analysis to non-convex differential inclusions governed by
proximal normal cones to prox-regular sets. Our analysis above allowed to prove
that such apparently more general systems can be easily coined into our convex
setting. We also use our results to study the geometry of maximal monotone
operators, and specifically, the characterization of the boundary of the values of
such operators by means only of the values at nearby points, which are distinct
of the reference point. This result has its application in the stability of semi-
infinite programming problems. We also use our results on Lyapunov pairs and
invariant sets to provide a systematic study of Luenberger-like observers design
for differential inclusions with normal cones to prox-regular sets.

The thesis is organized as follows: In chapter 1, we explain the main objectives
of the thesis, the methodology that we follow, and we give a preview of the main
results. We also make in this chapter a general overview of Lyapunov’s theory,
and present the main previous achievements on the subject. In Chapter 2, we
present the main tools and preliminary results that we need in our analysis. In
Chapter 3, we give the desired characterizations of Lyapunov pairs and invariant
sets for differential inclusions with Lipschitz perturbations of maximal monotone
operators, while in Chapter 4, we investigate differential inclusions with Lipschitz
perturbations of proximal normal cones. This chapter includes the application to
Luenberger-like observers design. In Chapter 5, we study differential inclusions
with Lipschitz Cusco perturbations of maximal monotone operators. In Chapter
6, we give a result on the geometry of maximal monotone operators, and describe
the boundary of their values. Finally, we give in Chapter 7 a resume of the results
we obtained.




Keywords: Differential inclusion, maximal monotone operators, Lyapunov
function, invariant set, prox-regular sets, Cusco mapping, boundary points



